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1 . INTRODUCTION 
In anticipation of long-duration, manned space flights, NASA has 
been investigating Closed Ecological Life Support Systems (CELSS). The 
CELSS would contain a combination of biological, chemical, and mechani- 
cal components. It would provide for the crew's nutritional, atmos- 
pheric, and waste processing needs. The system is closed to mass but 
open to energy. Its goal is the long-term survival of the human crew. 
The CELSS can be thought of as containing a replenishing food sup- 
ply (usually plants), a waste processor, the human crew, and various 
storage tanks. In addition to supplying food for the crew, the plants, 
through photosynthesis, remove carbon dioxide and provide oxygen to the 
atmosphere. As the humans consume the food, they partially reoxidize it, 
using oxygen from the atmosphere and generating carbon dioxide. The 
waste from the humans is run through a waste processor, completing the 
oxidation that the humans started. In this way, the humadwaste proces- 
sor components complement the growing food components. The mass flow 
follows a loop and the mass is conserved. 
After considering this general view of a CELSS, the following ques- 
tion was raised: Where might problems develop in system behavior due to 
these component relationships? There are three areas of concern. First, 
how do the long time delays of plant growth affect the ability to con- 
trol the system and insure its survival? Second, what are the effects of 
nonlinearities on the system behavior? Lastly, does system mass, and its 
relation to storage tank capacities, determine the possible system 
behaviors? 
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To address these questions, a series of abstract dynamic models of 
a CELSS were developed [21. They were used to investigate the interac- 
tion of long-term dynamics with finite size storage tanks. The variety 
of missions a CELSS can be used on increases as the total system mass 
and size is reduced 153. However, the smaller the storage tanks, the 
greater the possibility of a tank overflow during a component failure. 
The series of CELSS models looks at the dynamic consequences of such a 
component failure as a function of tank capacity and control scheme. 
Since no CELSS has been constructed, and the models' nonlinear 
state equations do not resemble any common engineering system, an inves- 
tigation of the abstract models was undertaken. In the simplest model 
there are 5 state variables. In addition to nonlinear functions for 
plant growth, there are 7 switching functions representing empty and 
overflowing storage tanks. While the state space is bounded, the deter- 
mination of the existence of equilibrium points is quite time consuming. 
This simple 5 dimension system only permits one harvest per growing 
time. The more realistic models have multiple harvests in a growing 
period, resulting in 8 to 182 state variables. Even in the case of only 
8, the traditional approach to locating equilibrium points is not prac- 
tical. 
To explore all possible behaviors of these systems, a Monte Carlo 
search of admissible initial conditions was performed. This uncovered 
all possible equilibrium points (and some more complex attracting 
regions) and showed a pattern of bifurcations and reverse bifurcations 
as the storage tank capacities were varied. The relationship between 
system behavior and tank capacity could now be shown. 
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It is important to be able to tell when one controller is superior 
to another from the viewpoint of system survival. Assuming that the 
major threat to a CELSS is a component failure, and that a failure moves 
the system along a random vector in state space, the best controller is 
the one that recovers from the largest variety of failures. This is 
equivalent to returning the system to the desired equilibrium from the 
largest region of the state space. The component failure is viewed as an 
event that moves the system away from the desired behavior. It is 
assumed that the component can be repaired and that it is then the 
controller's job to return the system to its desired operation. 
The domain of attraction of an equilibrium point is the region in 
state space that is attracted to the equilibrium point. Initial condi- 
tions within this region tend toward the equilibrium point asymptoti- 
cally. The attractors do not have to be points, they may be limit 
cycles, or higher-dimension attractors. The present use of domain of 
attraction is of interest only in nonlinear systems because in linear 
systems it is trivial, either being the entire state space or null. 
The domain of attraction can be refined so that a settling time, 
overshoot, or other criteria are included. The resulting region is 
called a domain of performance. While the domain of attraction is not 
particularly enlightening when used with linear systems, the domain of 
performance is useful in investigations of both linear and nonlinear 
systems. 
The control-design goal for the CELSS may be stated as developing 
the controller that gives the system the largest domain of attraction 
around the desired operating point. If this includes the entire 
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admissible s t a t e  s p a c e ,  t h e n  s y s t e m  s u r v i v a l  is g u a r a n t e e d  for a l l  pos- 
s i b l e  component f a i l u r e s .  
T h i s  d i s s e r t a t i o n  e x p l o r e s  t h e  c h a r a c t e r i z a t i o n  and u s e  of t h e  
domain of a t t r a c t i o n  and i t s  s u b s e t ,  t h e  domain of per formance .  I n v e s t i -  
g a t i o n s  of t h e  domain of a t t r a c t i o n  are  per formed by  Monte Carlo 
searches of a d m i s s i b l e  i n i t i a l  c o n d i t i o n s ,  i d e n t i f y i n g  t h o s e  t h a t  l ead  
toward t h e  desired e q u i l i b r i u m  p o i n t  ( p a s s )  and those t h a t  d o  n o t  
( f a i l ) .  The r e s u l t i n g  p a s s  r e g i o n  c a n  t h e n  be measured ( t o t a l  volume,  
minimum r a d i u s ,  maximum r a d i u s )  and a measure  of i n t e r e s t  can  be optim- 
ized .  T h i s  t e c h n i q u e  i s  n o t  g r e a t l y  burdened  by h igh  d i m e n s i o n a l  s y s t e m s  
b e c a u s e  a random search is used  and t h e  per formance  measure  is a set  of 
s c a l a r s .  
I t  i s  p o s s i b l e  t o  m a t h e m a t i c a l l y  c a l c u l a t e  t h e  error associated 
w i t h  t h e  Monte Carlo d e t e r m i n a t i o n  of t h e  domain ' s  volume when t h e  Sam- 
p l e  d i s t r i b u t i o n  i s  known. I f  t h e  domain has  a r e g u l a r  s h a p e  and low 
d imens ion ,  t h e  volume c a n  be u s e d  t o  o b t a i n  a minimum and maximum 
r a d i u s .  The m i n i m u m  r a d i u s  is  a r e a s o n a b l e  measure  of t h e  s y s t e m ' s  a b i l -  
i t y  t o  r e c o v e r  from random p e r t u r b a t i o n s  of t h e  s t a t e  due  t o  a component 
f a i l u r e .  The  maximum g i v e s  some measure  of t h e  e l o n g a t i o n  of t h e  
domain. 
Fo r  t h e  CELSS models t h e  domain of a t t r a c t i o n  h a s  an  i r r e g u l a r  
s h a p e  and a h i g h  d imens ion .  The c o n s t a n t  mass c o n s t r a i n t  r e s u l t s  i n  a 
nonuni form sample d i s t r i b u t i o n  of i n i t i a l  c o n d i t i o n s  t h a t  is a n a l y t i -  
c a l l y  unknown. Hence, d i r e c t  m a t h e m a t i c a l  d e t e r m i n a t i o n s  of volume,  
minimum r a d i u s ,  and associated errors are  i m p o s s i b l e .  L o c a l  d e n s i t i e s  
a r e  used  t o  o b t a i n  volume i n f o r m a t i o n  from t h e  c o u n t s  of i n i t i a l  
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c o n d i t i o n s  t h a t  a r e  con ta ined  i n  t h e  domain. S i m i l a r l y ,  t h e  minimum 
r a d i u s  is found th rough  Monte Carlo s i m u l a t i o n s  and i t s  error i s  e s t a -  
b l i s h e d  s t a t i s t i c a l l y .  
I n  t h e  f o l l o w i n g  c h a p t e r ,  the  domain of a t t r a c t i o n  is  compared w i t h  
more c o n v e n t i o n a l  measures  of system s t a b i l i t y  and performance.  Methods 
fo r  measuring t h e  domain and i t s  a s s o c i a t e d  error a r e  shown for  both 
uni form and nonuniform d i s t r i b u t i o n s .  I n  Chapter  3 ,  con t ro l l e r  d e s i g n  
u s i n g  t h e  domain a s  a performance measure is c o n t r a s t e d  w i t h  more con- 
v e n t i o n a l  c o n t r o l  d e s i g n s .  F i n a l l y ,  i n  Chapters 4 and 5 ,  these tech- 
n i q u e s  a r e  used t o  examine t h e  CELSS models' behav io r  a s  well as  some 
p r o p e r t i e s  of CELSS c o n t r o l .  
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2. THE DOMAIN OF ATTRACTION 
- 2.1 S t a b i l i t y ,  P er f o r  mance , and -The Domain -
A sys tem's  e q u i l i b r i u m  p o i n t  ( o r  more complex a t t r a c t o r )  is s t a b l e  
i f  nearby  p o i n t s  approach it i n  some s p e c i f i e d  f a s h i o n  (e.q.: Lyapunov 
s t a b l e ,  a s y m p t o t i c a l l y  s t a b l e ,  e tc . ) .  The domain o f  a t t r a c t i o n  is  t h e  
e n t i r e  r e g i o n  about  t h e  s t a b l e  e q u i l i b r i u m  p o i n t  t h a t  t e n d s  toward i t .  
I n  l i n e a r  systems,  a s t a b l e  e q u i l i b r i u m  p o i n t  a t t r a c t s  t h e  ent i re  s t a t e  
space .  Nonlinear  sys tems may have many a t t r a c t o r s ,  each  w i t h  t h e i r  own 
domain o f  a t t r a c t i o n .  I n  these c a s e s ,  both t h e  l o c a l  and g l o b a l  s t a b i l -  
i t y  p r o p e r t i e s  a r e  impor t an t .  
Cons ider  a system t h a t  h a s  i ts  s t a t e  p e r t u r b e d  suddenly  from a 
s tab le  equ i l ib r ium.  If t h i s  is a l i n e a r  system, it w i l l  e v e n t u a l l y  
r e t u r n  t o  t h e  equ i l ib r ium.  However, i f  t h e  s y s t e m  is n o n l i n e a r ,  t h e  
p e r t u r b e d  s t a t e  may be o u t s i d e  t h e  domain o f  a t t r a c t i o n  o f  t h e  o r i g i n a l  
e q u i l i b r i u m .  Then t h e  s y s t e m  would no t  r e t u r n  t o  t h e  s t a r t i n g  e q u i l i -  
brium p o i n t .  Therefore, t h e  s ize  o f  t h e  domain o f  a t t r a c t i o n  i n  a non- 
l i n e a r  system is a measure o f  i ts a b i l i t y  t o  r ecove r  from d i sp lacemen t s  
i n  i ts  s ta te .  
By inc lud ing  performance c r i t e r i a ,  a domain o f  performance can be 
found.  T h i s  i s  a s u b s e t  of  t h e  domain o f  a t t r a c t i o n .  The s i z e  of t h e  
domain of performance is an i n d i c a t o r  of both  l inear  and n o n l i n e a r  s y s -  
tem performance unde r  impulse p e r t u r b a t i o n s  o f  t h e  s t a t e .  T h i s  is 
because  many performance c r i t e r i a  a r e  i n h e r e n t l y  n o n l i n e a r  ( s u c h  a s  set- 
t l i n g  time). S i n c e  t h e y  do not s c a l e  w i t h  i n i t i a l  c o n d i t i o n s ,  t h e  
domain of performance may not  be g l o b a l  i n  s t a b l e  l i n e a r  systems. 
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I n  t h i s  d i s s e r t a t i o n  t h e  domains of a t t r a c t i o n  and performance w i l l  
b e  used  t o  i n v e s t i g a t e  sys t em behavior .  I n  a d d i t i o n ,  t h e  measures  of 
t h e  domain w i l l  be  used a s  a s e l e c t i o n  parameter  i n  c o n t r o l l e r  des ign .  
It  is v e r y  d i f f i c u l t  t o  f i n d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  
fo r  t h e  s t a b i l i t y  of n o n l i n e a r  systems. For  example, Lyapunov's second 
method g i v e s  o n l y  s u f f i c i e n t  c o n d i t i o n s .  T h e r e f o r e ,  t h e  r e g i o n  where 
t h e  Lyapunov f u n c t i o n  e x i s t s  is a c o n s e r v a t i v e  estimate of t h e  domain of 
a t t r a c t i o n .  S i n c e  t h i s  is o n l y  a s u f f i c i e n t  c o n d i t i o n ,  it may be poss i -  
b l e  t o  f i n d  Lyapunov f u n c t i o n s  t h a t  w i l l  approximate  t h e  domain of 
a t t r a c t i o n  better.  
Lyapunov's f i r s t  method can  a l so  be used t o  de te rmine  t h e  s i z e  of 
t h e  domain for  a n o n l i n e a r  system C171. The sys tem is decomposed i n t o  
l i n e a r  and n o n l i n e a r  p a r t s  a b o u t  t h e  e q u i l i b r i u m  p o i n t  of i n t e r e s t .  A 
Lyapunov f u n c t i o n  is found for t h e  l i n e a r  p a r t .  The s y s t e m  is l o c a l l y  
a s y m p t o t i c a l l y  s tab le  i f  t h e  g r a d i e n t  a l o n g  t ra jector ies  due  t o  t h e  
l i n e a r  and n o n l i n e a r  p a r t s  i s  nega t ive  d e f i n i t e .  The domain of a t t r a c -  
t i o n  is approximated by f i n d i n g  the r e g i o n  where t h e  l i n e a r  c o n t r i b u t i o n  
t o  t h e  g r a d i e n t  dominates  t h a t  of t h e  n o n l i n e a r  p a r t .  S i n c e  t h i s  is 
based on t h e  second method, it is o n l y  a s u f f i c i e n t  c o n d i t i o n  and t h e  
domain estimate is  c o n s e r v a t i v e .  
A method for d e s i g n i n g  c o n t r o l l e r s  and o b t a i n i n g  Lyapunov f u n c t i o n s  
f o r  n o n l i n e a r  sys t ems  h a s  been p resen ted  by Su,  Meyer, and Hunt C161. 
The n o n l i n e a r  sys tem is transformed i n t o  a c a n o n i c a l  l i n e a r  form. A 
c o n t r o l l e r  can t h e n  be designed u s i n g  s t a n d a r d ,  l i n e a r  methods. The 
e q u i v a l e n t  c o n t r o l l e r  for  t h e  non l inea r  sys tem is  found by a p p l y i n g  t h e  
i n v e r s e  t r a n s f o r m a t i o n  t o  t h e  l i n e a r  s y s t e m ' s  c o n t r o l .  
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A Lyapunov f u n c t i o n  for t h e  n o n l i n e a r  sys t em c a n  be made by apply-  
i n g  t h e  i n v e r s e  t r a n s f o r m a t i o n  t o  t h e  l i n e a r  s y s t e m ' s  Lyapunov f u n c t i o n .  
S i n c e  t h i s  func t ion  showed g l o b a l  s t a b i l i t y  of t h e  l i n e a r  sys tem,  it 
a l s o  shows s t a b i l i t y  ove r  t h e  e n t i r e  r e g i o n  for which t h e  t r a n s f o r m a t i o n  
a p p l i e s .  Within t h i s  r e g i o n  t h e  n o n l i n e a r  sys t em c a n  r e c o v e r  from s t a t e  
p e r t u r b a t i o n s .  
The re  a re  three l imi t a t ions  t o  t h i s  approach.  F i r s t ,  t h e  t r a n s f o r -  
mat ion m u s t  be con t inuous  and smooth c71. A sys tem w i t h  s w i t c h i n g  p o i n t s  
o r  o t h e r  d i s c o n t i n u i t i e s  canno t  be t r ans fo rmed  i n t o  a l i n e a r  system. 
Secondly,  t h e  t r a n s f o r m a t i o n  and r e s u l t s  o n l y  a p p l y  t o  a l i m i t e d  r e g i o n  
of t h e  s t a t e  space.  The r e g i o n  c a n  o n l y  c o n t a i n  one  a t t r a c t o r  of t h e  
u n c o n t r o l l e d ,  n o n l i n e a r  system. As a resul t ,  cases where t h e  c o n t r o l l e r  
g r e a t l y  i n c r e a s e s  t h e  domain of a t t r a c t i o n  canno t  be  detected. F i n a l l y ,  
a d i r e c t  measure of t h e  s i z e  of t h e  a t t r a c t i n g  neighborhood is  n o t  
ob ta ined ;  o n l y  i t s  lower bounds. T h i s  makes s e l e c t i o n  of c o n t r o l  s t r a -  
t e g i e s  more d i f f i c u l t .  
The t echn ique  proposed i n  t h i s  d i s s e r t a t i o n  a v o i d s  many of t h e  
u s u a l  problems a s s o c i a t e d  w i t h  de t e rmin ing  t h e  domain of a t t r a c t i o n .  By 
r e l y i n g  on s imula t ion  and Monte Carlo s e l e c t i o n  of i n i t i a l  c o n d i t i o n s ,  
t h e  procedure  is r e l a t i v e l y  i n s e n s i t i v e  t o  sys tem dimens ion ,  n o n l i n e a r i -  
t i e s ,  and complexi ty  of form. By f i n d i n g  a l l  a t t r a c t o r s ,  a l l  p o s s i b l e  
sys tem behav io r s  a r e  d i scove red .  The domain of a t t r a c t i o n  abou t  a g iven  
a t t r a c t o r  g i v e s  a d i r e c t  measure of t h e  sys te ln ' s  a b i l i t y  t o  r ecove r  from 
s t a t e  p e r t u r b a t i o n s .  C o n t r o l l e r  d e s i g n  can  t h e n  be accomplished by  
u s i n g  a Monte C a r l o  s e a r c h  of c o n t r o l  parameters, e f f e c t i v e l y  c r e a t i n g  a 




generating a domain of performance that is a subset of the domain of 
attraction. It is also easy to deal with questions of robustness 
against conditions such as parameter uncertainty or disturbance rejec- 
tion. 
2.2 Measures of the Domain - 
The domain of attraction is the set of points in state space that 
has trajectories that approach an equilibrium point (or other attractor) 
asymptotically C91. The domain of attraction is also referred to as the 
basin of attraction [4, 10, 141 and the domain of stability C91. This 
region can be mapped out through simulation using randomly selected ini- 
tial conditions from the admissible state space. Initial conditions that 
are attracted to the given equilibrium are labeled as passes; those that 
are not attracted are called fails. In this section, a method for find- 
ing equilibria and mathematically calculating the volume of the domain 
of attraction will be presented. This applies to both continuous and 
discrete systems. 
Consider the nonlinear, dynamic system: 
(2 .1 )  
where x(t) is the state vector, u(t) is an input or forcing vector, and 
z is a vector of parameters. To perform a simulation of this system, 
u(t), 2, and an initial condition for x must be specified. While there 
are no restrictions on the form of u(t), it is often taken as a function 
of x(t), giving the system a closed-loop feedback form. The z vector 
represents parameters of the system that can be selected during the 
design process such as controller gains. 
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The equ i l ib r ium p o i n t s  a r e  s o l u t i o n s  o f :  
(2.2) 
F i n d i n g  t h e s e  s o l u t i o n s  can be v e r y  time consuming i f  t h e  o f  
t h e  s t a t e  vec tor  is l a r g e  o r  i f  t h e  f u n c t i o n  f nas many s w i t c h i n g  
p o i n t s .  I n s t e a d  of s o l v i n g  f o r  t h e  e q u i l i b r i u m  p o i n t s  d i r e c t l y ,  a s imu- 
l a t i o n  approach i s  used w i t h  randomly s e l e c t e d  i n i t i a l  c o n d i t i o n s  o f  x. 
S t a t e  t r a j e c t o r i e s  are  fo l lowed u n t i l  t h e y  become ( a )  s t a t i o n a r y  w i t h i n  
s p e c i f i e d  t o l e r a n c e s ,  (b)  l e a v e  a g iven  r e g i o n ,  or (c) remain i n  a 
bounded volume b u t  do not converge  t o  a p o i n t .  Case ( a )  i s  t h e  result  of  
a s t a b l e  equ i l ib r ium p o i n t .  Case ( b )  o c c u r s  when sample i n i t i a l  condi -  
t i o n s  are w i t h i n  t h e  domain of a t t r a c t i o n  of a p o i n t  o u t s i d e  t h e  r e g i o n  
b e i n g  i n v e s t i g a t e d .  Higher d imens iona l  a t t r a c t o r s  ( such  as  l i m i t  c y c l e s )  
appear  i n  case  (c).  
dimension 
A l l  a t t r a c t o r s  ( e q u i l i b r i u m  p o i n t s ,  l i m i t  c y c l e s ,  s t r a n g e  a t t r a c -  
t o r s ,  etc.)  can now be found f o r  a g iven  r e g i o n  i n  t h e  s t a t e  space .  How- 
e v e r ,  s p e c i f y i n g  t h e  exact n a t u r e  of t h e  a t t r a c t o r  is no t  a lways s imple .  
For  equ i l ib r ium p o i n t s  t h e  t r a j e c t o r y  comes t o  res t  w i t h i n  a s m a l l  
volume. L i m i t  c y c l e s  r e p e a t  t h e i r  motion and can be recognized  by  a 
r e p e a t i n g  p a t t e r n  of t r a j e c t o r y  p o i n t s .  Higher  d imens iona l  a t t r a c t o r s  
a r e  much more d i f f i c u l t  t o  c l a s s i f y .  For example,  motion on a t o r u s  
(which has  a f i n i t e  number o f  f r e q u e n c i e s )  and motion on a s t r a n g e  
a t t r a c t o r  (which h a s  an i n f i n i t e  number o f  f r e q u e n c i e s )  can o n l y  be d i s -  
t i n g u i s h e d  through t h e i r  s p e c t r a  or w i t h  a c a l c u l a t i o n  of Lyapunov 
exponents  c4, 101. I n  t h e  examples i n  t h i s  and t h e  f o l l o w i n g  c h a p t e r ,  
o n l y  equ i l ib r ium p o i n t s  a r e  encountered .  More complex a t t r a c t o r s  occur  
i n  Chapter  5. 
1 1  
Once the attractors have been found, the domain of attraction for 
each may be examined. For simplicity, we will restrict the discussion to 
the domain of one attractor. A random selection of initial conditions of 
x are grouped into passes and fails depending on whether the trajectory 
goes to the attractor of interest. The set of passes indicates the 
region of attraction. This region can be analytically measured. 
To bring this discussion into clearer focus, consider Figure 1. The 
region of interest R (two-dimensional in this case) is the set of 
points: 
(2.3) 
The domain of attraction D of point (xo,y ) is: 
0 
A Monte Carlo integration [6, 121 can be used to determine the area 
If the initial conditions are uniformly distributed on the region of D. 
R, their probability density function is: 
1 
p(x,y) = (b-a) (6c) (2.5) 
The probability P that an initial condition is in D (i.e.: a pass) is: 
area D - A 
area R - (b-a)(d-c) P =  (2.6) 
If N random initial conditions are generated, we denote the number of 
passes (in region D) as N . P can be estimated by: P 
N- 






I I k 
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Figure 1: The Domain o f  A t t r a c t i o n  of  (xo,yo) 
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Using e q u a t i o n s  2.6 and 2.7, t h e  area of D can b e  approximated by: 
n N 
area D = A 5 A = (b-a)(d-c)++ (2 .8)  
Each of t h e  N t r i a l s  is independent  and a b i n a r y  selection c r i t e r i a  is  
used.  T h e r e f o r e ,  t h e s e  a r e  B e r n o u l l i  t r i a l s  w i t h  p r o b a b i l i t y  P o f  a 
n 
pass .  A is an  unbiased  e s t i m a t o r  
n 
The v a r i a n c e  of A is: 
of A because:  
(b-a)(d-c)P = A 
A 
where t h e  v a r i a n c e  of P is: 
P(1-P) n varP  = var(N / N )  = 
P 
A 
The s t a n d a r d  d e v i a t i o n  of A is: 
1/2 n s.d.(A) = IvarAl  
-1 /2 n The p r e c i s i o n  of t h e  estimate A i s  p r o p o r t i o n a l  t o  N . 
(2 .9)  
(2 .10)  
(2.11 1 
(2 .12)  
T h i s  t echn ique  of e s t i m a t i n g  a r e a  ( o r  volume) and e r r o r  of t h e  
domain o f  a t t rac t ion  r e q u i r e s  t h a t  t h e  i n i t i a l  c o n d i t i o n s  a r e  u n i f o r m l y  
d i s t r i b u t e d .  In s y s t e m s  where c o n s t r a i n t s  cannot  be s u b s t i t u t e d  i n  
e x p l i c i t l y  t h e  u n i f o r m i t y  o f  sample p o i n t s  cannot  be  achieved .  An 
i m p l i c i t  s o l u t i o n  f o r  t h i s  case i s  demonst ra ted  i n  t h e  n e x t  s e c t i o n .  
14 
Since the domain indicates the region of initial conditions that 
returns to the attractor, the minimum radius of the domain can be used 
as a worst-case measure for a system whose state experiences a random 
perturbation. This is particularly true when the domain has a complex 
shape such as branches off of a central region. If the perturbation 
moves the system further from the equilibrium point than the minimum 
radius, there is no guarantee that the system is still within the domain 
of at tract ion. 
2.3 Example: The Damped Pendulum - -  
A damped pendulum is used to demonstrate some of the techniques for 
finding attractors and measuring their domains. The system has many 
stable equilibrium points, the domain of attraction about one of which 
is examined here. Using a uniform sample of initial conditions, the area 
and error calculations of the last section are compared with a more gen- 
eral technique. Since the minimum radius is a more versatile measure of 
the domain indicating the worst-case system response from a random Per- 
turbation of the state, a general method of finding it and its associ- 
ated error is shown. These techniques are then extended to include the 
case where a nonuniform sample distribution is used. 
The damped pendulum in Figure 2 is represented by the nonlinear 
state equations: 
x = y  
y = -sin(x) - bey 
(2.13) 
where x is angular position, y is angular velocity, and b is the damping 
coefficient. Pendulum length and mass have been selected to give unity 
15 
Figure 2: The Pendulum 
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c o e f f i c i e n t s .  The va lue  o f  b is set t o  0.5 and a time s t e p  o f  0.05 is 
used w i t h  a four th-order  Runge-Kutta i n t e g r a t i o n .  The sample r eg ion  of  
i n i t i a l  c o n d i t i o n s  is: 
I ( x , y ) :  -10 - < x 5 10, -5 5 y 1. 5 1  (2 .14)  
To d iscover  a l l  a t t r a c t o r s  t h a t  can be reached from t h i s  r e g i o n ,  a 
series o f  s i m u l a t i o n s  can be performed u s i n g  i n i t i a l  c o n d i t i o n s  randomly 
s e l e c t e d  from a uniform d i s t r i b u t i o n .  The i n i t i a l  c o n d i t i o n s  a r e  grouped 
accord ing  t o  the  e q u i l i b r i u m  p o i n t  t h a t  a t t r a c t s  them. A resul t  f o r  1000 
i n i t i a l  c o n d i t i o n s  is  shown i n  F igu re  3. P o i n t s  i n  t h i s  r eg ion  a r e  
a t t r a c t e d  t o  7 s t a b l e  e q u i l i b r i a .  Table  1 g i v e s  t h e  d i s t r i b u t i o n  o f  i n i -  
t i a l  cond i t ions  w i t h  r e s p e c t  t o  t h e  a t t r a c t o r s ,  and some r e p r e s e n t a t i v e  
t r a j e c t o r i e s  a r e  shown i n  F i g u r e  4. 
The o r i g i n  i s  s e l e c t e d  a s  t h e  a t t r a c t o r  f o r  t h e  i n v e s t i g a t i o n  of 
t h e  domain of a t t r a c t i o n .  A s  a f i r s t  check o f  t h e  r e l i a b i l i t y  of  t h e  
Monte Car lo  i n t e g r a t i o n ,  F igu re  5 shows t h a t  t h e  f r a c t i o n  of  i n i t i a l  
c o n d i t i o n s  a t t r a c t e d  t o  t h e  o r i g i n  converges t o  31.04%. The t o t a l  r eg ion  
sampled has  an a r e a  o f  200. The re fo re ,  u s i n g  equa t ion  2.8, t h e  a r e a  
a t t r a c t e d  by t h e  o r i g i n  i s  62.08. 
S ince  the  randomly s e l e c t e d  i n i t i a l  c o n d i t i o n s  came from a uniform 
d i s t r i b u t i o n ,  t h e  accuracy  o f  t h i s  a r e a  c a l c u l a t i o n  can be e s t a b l i s h e d  
u s i n g  equat ion  2.12. Area and e r r o r  r e s u l t s  f o r  a v a r i e t y  of  sample 
s i z e s  a r e  contained i n  Table  2. I n  t h e  s t a n d a r d  d e v i a t i o n  c a l c u l a t i o n ,  
it is assumed t h a t  t h e  t rue a r e a  is  62. 
I n  most c a s e s ,  t h e  domain of  a t t r a c t i o n  is n o t  s p h e r i c a l  so i ts  















Table 1 :  S i z e  of Pendulum Domains (1000 sample p o i n t s )  



























Number of Samples 
100 
1000 
Table 2: Area of Pendulum Origin's Domain of Attraction 
Area + Standard Deviation 
A z a  
72. 2 9.25 




62.0 + 0.93 




volume is not a good measure of system recove ry  from a random d i s t u r -  
bance.  The minimum r a d i u s  is  more a p p r o p r i a t e  because  it ref lects  t h e  
s i z e  o f  t h e  r e g i o n  where recove ry  is  gua ran teed ,  independent  of  t h e  
o r i e n t a t i o n  of t h e  d i s t u r b a n c e  v e c t o r .  For  sys t ems  where t h e  pe r tu rba -  
t i o n  has p r e f e r r e d  d i r e c t i o n s ,  more d e t a i l e d  geomet r i c  i n f o r m a t i o n  on 
t h e  domain may be u s e f u l .  
It is p o s s i b l e  t o  g e t  an estimate of t h e  pendulum domain 's  minimum 
r a d i u s  by t a k i n g  advantage  o f  t h e  domain 's  r e g u l a r  shape.  I n  F i g u r e  6 a 
pa ra l l e log ram is superposed on t h e  p a t t e r n  of p a s s  and f a i l  i n i t i a l  con- 
d i t i o n s .  Its h e i g h t  ( y  d i r e c t i o n )  is f i x e d  a t  10. The a r e a  of t h e  
pa ra l l e log ram is: 
A = B - H  (2 .15)  
where B is the l e n g t h  of t h e  base  ( x  d i r e c t i o n )  and H is t h e  h e i g h t  ( y  
d i r e c t i o n ) .  For a f i x e d  h e i g h t ,  e r r o r s  i n  a r e a  r e s u l t  from e r r o r ?  i n  t h e  
base measurement: 
A 2 a = B - H  - + b-H (2  .,16) 
where a and b a r e  the  e r r o r s  i n  a r e a  and base, r e s p e c t i v e l y .  
Using t h e  i n fo rma t ion  on domain a r e a  and error i n  Table 2 w i t h  
e q u a t i o n  2.16, a t a b l e  of base  l e n g t h  and error can  be made. The base  
l e n g t h ,  however, is  not  d i r e c t l y  a measure o f  t h e  minimum r a d i u s .  Using 
t h e  geometry i n  F igu re  7 a measure of t h e  m i n i m u m  r a d i u s  r o f  t h e  domain 
can be found: 
B  COS^ 










Figure 7: Geometry of a Parallelogram Domain 
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Using t h e  error of t h e  area (Table  21,  t h e  m i n i m u m  r a d i u s  e r r o r  can be 
c a l c u l a t e d :  
(2.18) 
The minimum r a d i u s  and error u s i n g  e q u a t i o n s  2.17, 2.18 and Tab le  2 
for 1000 sample p o i n t s  is: 
(2.19)  A r = 1.82 - + 0.09 
F i g u r e  6 was used t o  set  $5 t o  53 degrees .  
The above i s  an approximate method f o r  f i n d i n g  t h e  minimum r a d i u s  
r e l y i n g  on t h e  sample d i s t r i b u t i o n  be ing  uniform ( t o  f i n d  t h e  a r e a )  and 
t h e  r eg ion  be ing  somewhat r e g u l a r  ( t o  r e l a t e  a r e a  t o  minimum r a d i u s ) .  
There  are two problems w i t h  t h i s .  F i r s t ,  t h e  domain of a t t r a c t i o n  is 
ra re ly  r e g u l a r ,  and second, i n  higher  dimensions a r e l a t i o n s h i p  between 
area and minimum r a d i u s  canno t  u s u a l l y  be found. 
To determine t h e  domain 's  a r ea ,  m i n i m u m  r a d i u s ,  and t he i r  a s s o c i -  
a t e d  errors more d i r e c t l y ,  t he  s i m u l a t i o n  w i t h  1000 un i fo rmly  d i s t r i -  
bu ted  i n i t i a l  c o n d i t i o n s  was repea ted  many times w i t h  independent  sample 
sets. The a r e a  r e s u l t s  of these  r e p e t i t i o n s  were stored. The mean and 
s t a n d a r d  d e v i a t i o n  o f  t h e  s e t  of a r e a  c a l c u l a t i o n s  converged b e f o r e  100 
r e p e t i t i o n s  were completed ( a  t o t a l  of 1000 r e p e t i t i o n s  were performed).  
The result  f o r  100 r e p e t i t i o n s  is: 
A 
A = 62.08 + 2.42 - (2 .20)  
where t h e  number of sample p o i n t s  t h a t  passed has  been conver ted  i n t o  an 
a r e a  ( e q u a t i o n  2 .8) .  T h i s  area a g r e e s  w i t h  t h e  Table  2 r e s u l t  f o r  
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100,000 samples (because  t h i s  is  a 100,000 sample r e su l t ) .  The e r r o r  
a g r e e s  w i t h  t h e  Table  2 r e s u l t  f o r  1000 samples .  T h e r e f o r e ,  t h e  a r e a  and 
e r r o r  c a l c u l a t i o n s  u s i n g  e q u a t i o n s  2.8 and 2.12 can be d u p l i c a t e d  
th rough  repea ted  s i m u l a t i o n s  o f  t h e  domain o f  a t t r a c t i o n .  
S i n c e  t h e  domain 's  boundary, and t h e r e f o r e  i ts  minimum r a d i u s ,  l i e  
somewhere between t h e  p a s s  and f a i l  p o i n t s ,  it is  n o t  p o s s i b l e  t o  g e t  a 
d i r e c t  measurement o f  t h e  m i n i m u m  r a d i u s  u s i n g  Monte C a r l o  s i m u l a t i o n s .  
However, a f i r s t  approximat ion  can be found by l o c a t i n g  t h e  i n i t i a l  con- 
d i t i o n  n e a r e s t  t h e  a t t r a c t o r  t h a t  is n o t  i n  i t s  domain ( i . e .  a p o i n t  
from t h e  f a i l  s e t ) .  For t h e  pendulum example,  t h i s  p o i n t  is shown i n  
F i g u r e  8 f o r  1000 randomly s e l e c t e d  i n i t i a l  c o n d i t i o n s .  The m i n i m u m  
r a d i u s  i s  the d i s t a n c e  from t h e  a t t r a c t o r  t o  t h e  boundary of  t h e  domain. 
T h i s  p o i n t ,  a f a i l  p o i n t ,  i s  s i m p l y  t h e  n e a r e s t  p o i n t  t h a t  i s  no t  i n  t h e  
domain. The u n i f o r m i t y  of  t h e  sample d i s t r i b u t i o n  can be used t o  i n f e r  
t h e  l o c a t i o n  of  t h e  boundary from t h i s  p o i n t .  
For  example, 1000 p o i n t s  un i formly  d i s t r i b u t e d  on an a r e a  of  200 
g i v e s  an expected a r e a  pe r  p o i n t  of 0.2. If t h i s  a r e a  is  i n  t h e  shape  of  
a c i rc le ,  i t s  r a d i u s  is 0.25. Assuming t h e  domain 's  boundary e v e n l y  
d i v i d e s  t h e  r e g i o n  between ne ighbor ing  p a s s e s  and f a i l s ,  t h e  boundary 
would be 0.25 c l o s e r  t han  t h e  n e a r e s t  f a i l  p o i n t .  
T h i s  approximation of  t h e  minimum r a d i u s  can be r e f i n e d  by r e p l a c -  
i n g  t h e  p o i n t ' s  a r e a  wi th  an e l l i p se  when t h e  r e g i o n  sampled is no t  a 
s q u a r e ,  b u t  a r e c t a n g l e .  Assuming t h e  r a t i o  of t h e  semimajor t o  semimi- 
nor  a x i s  is 2, t h e  a x e s  measurements f o r  an a r e a  of  0.2 would be 0.38 
and 0.18, r e s p e c t i v e l y .  Using o t h e r  shapes  f o r  t h e  p o i n t ' s  a r e a ,  such  a s  
s q u a r e s ,  hexagons, e t c .  can be j u s t i f i e d .  Such r e f i n e m e n t s  a r e  u s u a l l y  
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less s i g n i f i c a n t  t h a n  t h e  errors associated w i t h  t h e  minimum r a d i u s  
measurement. A more p r e c i s e  r e f inemen t  of t h e  r a d i u s  cou ld  be  o b t a i n e d  
by  c o n c e n t r a t i n g  sample p o i n t s  near t h e  n e a r e s t  f a i l  p o i n t .  
Repeated s i m u l a t i o n s  of 1000 un i fo rmly  d i s t r i b u t e d  i n i t i a l  condi-  
t i o n s  t o  f i n d  t h e  minimum r a d i u s  ( n e a r e s t  f a i l  p o i n t  minus t h e  c i r c u l a r  
r a d i u s  abou t  t h a t  p o i n t )  g i v e s :  
r^ = 2.26 2 0.06 (2.21 1 
(see F i g u r e  8). As before, 100 r e p e t i t i o n s  were used .  While t h e  error 
measurement is s imi la r  t o  t h a t  i n  e q u a t i o n  2.19, t h i s  r a d i u s  is  no t i ce -  
a b l y  l a r g e r  because t h e  domain is  n o t  e x a c t l y  a p a r a l l e l o g r a m .  Ra the r ,  
i t  h a s  curves  on its edges and t h e  minimum r a d i u s  i s  a t  a b u l g e  (see 
F i g u r e s  6 and 8). 
I n  many systems t h e  s t a t e  v a r i a b l e s  have c o n s t r a i n t s  t h a t  canno t  be 
s u b s t i t u t e d  i n  e x p l i c i t l y .  T h e r e f o r e ,  a uni form d i s t r i b u t i o n  of sample 
p o i n t s  canno t  be achieved  and an i m p l i c i t  s o l u t i o n  for measur ing  t h e  
domain i s  needed. When nonuniform d i s t r i b u t i o n s  a re  u s e d ,  t h e  number of 
p a s s  p o i n t s  no l o n g e r  d i r e c t l y  r e l a t e s  t o  t h e  volume. The volume c a n  be  
found,  however, i f  t h e  sample d i s t r i b u t i o n  i s  known and can  be i n v e r t e d  
or  i f  t h e  sample p o i n t  c o u n t s  are  conve r t ed  t o  volumes by  u s i n g  t h e  
loca l  d e n s i t y .  The minimum r a d i u s  of t h e  domain of a t t r a c t i o n  c a n  be 
found as  it was for  t h e  un i form d i s t r i b u t i o n .  The o n l y  d i f f e r e n c e  i s  
t h a t  t h e  volume p e r  p o i n t ,  used  t o  i n f e r  t h e  boundary l o c a t i o n  from t h e  
n e a r e s t  f a i l  p o i n t ,  i s  now dependent  on t h e  l o c a l  d e n s i t y .  
The pendulum example i s  r e p e a t e d  w i t h  t h e  uni form sample d i s t r i b u -  
t i o n  r ep laced  by a t r ans fo rmed  sample: 
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1 - u  v = -  1 + u  (2 .22)  
where U i s  a sample from a uniform d i s t r i b u t i o n  ove r  t h e  range  0 t o  1.  V 
i s  a nonuniform sample ove r  the r ange  0 t o  1. T h i s  is used  f o r  bo th  x 
and y c o o r d i n a t e s  of t h e  i n i t i a l  c o n d i t i o n s .  A d i s t r i b u t i o n  h i s tog ram 
f o r  V i s  shown i n  F i g u r e  9. 
A 1000 p o i n t  Monte C a r l o  s i m u l a t i o n  is shown i n  F i g u r e  10 u s i n g  t h e  
nonuniform d i s t r i b u t i o n .  C l e a r l y ,  t h e  f r a c t i o n  o f  i n i t i a l  c o n d i t i o n s  
a t t r a c t e d  t o  t h e  o r i g i n  is not  p r o p o r t i o n a l  t o  t h e  domain 's  volume. How- 
ever, i f  t h e  s t a t e  space  is div ided  i n t o  modera te ly  s i z e d ,  i d e n t i c a l  
s q u a r e s ,  t h e  i n i t i a l  c o n d i t i o n s  can be assumed t o  be uni formly  d i s t r i -  
bu ted  i n  each.  The number of p o i n t s  i n  each s q u a r e  g i v e s  t h e  l o c a l  den- 
s i t y .  T h e r e f o r e ,  t h e  a r e a  o f  t h e  domain of a t t r a c t i o n  is: 
(2 .23)  
where (N 1. is t h e  number of  pass p o i n t s  and di i s  t h e  l o c a l  d e n s i t y  o f  
p o i n t s  i n  squa re  i. The number of s q u a r e s  i n  t h e  s t a t e  space  is  K. The 
a r e a  o f  t h e  domain of a t t r a c t i o n  us ing  e q u a t i o n  2.23 is: 
P l  
A 
A = 64.12 + 2.44 - (2 .24)  
The n e a r e s t  f a i l  p o i n t  is i n d i c a t e d  and t h e  l o c a l  d e n s i t y  i s  0.25 
a r e a  u n i t s  per p o i n t .  C o n v e r t i n g  t h i s  t o  a c i r c u l a r  r a d i u s  b r i n g s  t h e  
domain boundary 0.28 c l o s e r  t han  t h e  n e a r e s t  f a i l .  Repea t ing  t h i s  sirnu- 
l a t i o n  100 times and s t o r i n g  minimum r a d i i  ( n e a r e s t  f a i l  p o i n t  m i n u s  t h e  
c i r c u l a r  r a d i u s  about  t h a t  p o i n t )  g i v e s  t h e  f o l l o w i n g  measure: 
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These r e s u l t s  a g r e e  w i t h  t h o s e  o b t a i n e d  from t h e  uni form d i s t r i b u t i o n  
( e q u a t i o n s  2.20 and 2.21). 
The a b i l i t y  t o  d i r e c t l y  c a l c u l a t e  an  i r r e g u l a r  domain 's  volume, i t s  
m i n i m u m  radius, and t h e i r  a s s o c i a t e d  error p e r m i t s  t h i s  t e c h n i q u e  t o  be 
u s e f u l  f o r  a wide v a r i e t y  o f  systems.  For  t h o s e  where uniform samples  
are n o t  p o s s i b l e  ( such  a s  c o n s t a n t  mass s y s t e m s ) ,  t h e  volume determina-  
t i o n  r e q u i r e s  t h a t  t h e  sample c o u n t s  be conve r t ed  u s i n g  l o c a l  densi t ies .  
The m i n i m u m  r a d i u s  c a l c u l a t i o n  is v i r t u a l l y  unchanged. T h i s  means t h a t  a 
sys t em ' s  a b i l i t y  t o  r ecove r  from s t a t e  p e r t u r b a t i o n s  can be measured 
r e g a r d l e s s  of i t s  dimension,  t h e  u n i f o r m i t y  of t h e  i n i t i a l  c o n d i t i o n  
sample s e t ,  o r  t h e  complex shape  of t h e  domain of a t t r a c t i o n .  
3. CONTROLLER DESIGN U S I N G  DOMAIN OF ATTRACTION 
- 3 .I Example : - The I n v e r t e d  Pendulum 
An i n v e r t e d  pendulum was chosen t o  i n v e s t i g a t e  c o n t r o l l e r  d e s i g n  
t e c h n i q u e s  (see F i g u r e  11). A v a r i e t y  of c o n t r o l l e r s  are t h e n  p r e s e n t e d  
t o  c o n t r a s t  t h e  u s u a l  d e s i g n  t e c h n i q u e s  w i t h  those based on t h e  domain 
of a t t r a c t i o n .  
The pendulum is  c o n s t r a i n e d  t o  motion i n  a p lane .  The c o n t r o l l e r  
i n p u t  is  t h e  force a p p l i e d  t o  t h e  c a r t  a t  t h e  pendulum’s b a s e  and t h e  
c o n t r o l  g o a l  is t o  r e t u r n  t h e  c a r t  t o  t h e  o r i g i n  w i t h  t h e  pendulum 
u p r i g h t .  I t  is  assumed t h a t  a l l  f o u r  s t a t e  v a r i a b l e s  are  a v a i l a b l e  t o  
t h e  c o n t r o l l e r .  
The f u l l  n o n l i n e a r  s t a t e  e q u a t i o n s  for t h e . i n v e r t e d  pendulum a r e :  
x1 = x2. 
2 
3 . m l L ( x 4 )  s i n x  + F - mlgcosx Osinx 3 3 
2 x2 = 
3 m, + m2 + mlcos x 
2 
3 (m,  + ? ) * g - s i n x  - m,L(x4) cosx3*s inx3  - Fecosx 
3 
3 
2 x4 = -* m l  + m2 + mlcos x L 
(3 .1)  
where x1 is  t h e  c a r t  p o s i t i o n ,  x2  is  t h e  ca r t  v e l o c i t y ,  x3 is t h e  pendu- 
lum p o s i t i o n  ( r a d i a n s ) ,  and x4 is  t h e  pendulum v e l o c i t y .  C o n t r o l  i s  








Figure 1 1  : The Inverted Pendul urn 
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g. The fo l lowing  v a l u e s  are  u s e d :  
m l  = 0.1 (3 .2)  
m2 = 1 
L = l  
g = 10 
These e q u a t i o n s  are s imula ted  with a fou r th -o rde r  Runge-Kutta i n t e g r a -  
t i o n  w i t h  a time s t e p  o f  0.001. 
For  some t r a d i t i o n a l  c o n t r o l l e r  d e s i g n s ,  a l i n e a r  model of  t h e  sys- 
tem is needed. L i n e a r i z i n g  equat ion  3.1 abou t  t h e  o r i g i n  g i v e s :  
x1 = x2 
. 
x3 = x4 
(m,  + m ) = g * x  - F 2 3 
L a m 2  
x4 = 
I n  matrix form t h i s  would be: 
x = A X  + bF 
(3.3) 
(3 .4)  
where x is t h e  v e c t o r  of  s t a t e  v a r i a b l e s  and F is t h e  f o r c i n g  i n p u t .  
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The local stability about the origin can be found by examining the 
poles (eigenvalues) of equation 3.4 (with F = 0).  The poles are: 
1 /2 s = 0, 0, +[:(m,+%)g / Lm21 (3.5) 
Substituting the values of equation 3.2 into 3.5 gives: 
s = 0, 0, 3.32, -3.32 (3.6) 
Hence the origin is unstable (a saddle point) when no control is 
applied. This is equivalent to saying that without control the origin's 
domain of attraction is null. The unstable eigenvalue is due to the 
upright pendulum. The two 0 eigenvalues are due to the inertia of the 
cart. 
A further examination of the linear system shows that it is con- 
trollable using only F as an input. Therefore, the linear system can be 
moved to any point in the state apace in a finite time. Also, the sys- 
tem observable for output vectors that contain xl. In these control 
examples the entire state vector is known so no state observer is 
needed. 
is 
The control goal is to stabilize the nonlinear (and therefore, the 
linear) system about the origin and to insure that this design can 
recover from the largest class of state perturbations. To show the 
effect of a settling time constraint, a performance criteria is set so 
that the return to the origin (stationary with the cart at zero and the 
pendulum upright) must be within 5 units of time. For investigations of 
control behavior, the domain of attraction will be used with the sample 
initial conditions from the region: 
~ ( x 1 , x 2 , x 3 , x 4 ) :  -10 - < x1 - < 10, x2=0, 
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(3.7) 
-3.14 x3 - < 3.14, x 4 = O l  
T h i s  region is se lec ted  t o  be two dimensional ( x  
A t h ree  or four dimensional region could be used. 
- x4 = 0) for  c l a r i t y .  2 -  
- 3.2 Minimum Error  Squared Control 
A common technique i n  modern cont ro l  d e s i g n  is  optimal cont ro l  
where a performance measure such a s  t r ans i en t  time or squared e r r o r  is 
minimized. Optimal con t ro l l e r s  t h a t  minimize t r a n s i e n t  time or squared 
e r r o r  for  l i n e a r  sys t ems  can be expressed i n  closed form E171. For most 
nonlinear systems, however, analyt ic  so lu t ions  cannot be found. The fol-  
lowing con t ro l l e r  w i l l  be  i n  a l i n e a r  s t a t e  feedback form and it is 
assumed t h a t  the  e n t i r e  s t a t e  vector is e i t h e r  ava i lab le  or observable. 
Since the con t ro l l e r  form is  spec i f ied ,  t h i s  r e s t r i c t e d  problem is not a 
t r u e  optimal cont ro l .  Rather, it is t h e  minimization of a performance 
measure by performing a parameter search. 
To design a con t ro l l e r  for  the inverted pendulum t h a t  minimizes a 
squared e r r o r ,  a Monte Carlo search can be performed on a range of feed- 
back gains.  The con t ro l l e r  has t h e  feedback form: 
F = k * x  (3.8) 
The s t a t e  x is a column vector,  the gain k is a row vector ,  and the 
applied force F i s  a sca l a r .  The error  cos t  function is: 
2 J =&t (x: + w - x  3 ) d t  (3.9) 
Thus ,  e r ro r  accumulates when the  c a r t  is not a t  the o r ig in  or  the  pendu- 
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lum is  not upright. The weighting f ac to r  w a d j u s t s  t h e  emphasis between 
t h e  two er rors .  This parameter is  p a r t  of t he  c o n t r o l l e r  design and i ts  
value has a strong e f f e c t  on t h e  r e s u l t i n g  gains .  
An i n i t i a l  condition of: 
x1  = 5, x2 = 0, x = 0.2, x = 0 (3.10) 3 4 
is  used t o  find the  cont ro l  gains t h a t  m i n i m i z e  t he  cos t  function (equa- 
t i o n  3.9).  To i n s u r e  t h a t  t h e  pendulum is quickly moved toward t h e  
upr ight  pos i t ion ,  a weighting f a c t o r  of w = 1000 is used .  F i v e  h u n d r e d  
sets of gains were randomly se lec ted  from uniform d i s t r i b u t i o n s  with t h e  
following ranges: 
IO kl 100, 0 - < k2 - < 100, 
< 400, 0 - < kq - < 2003 0 < k - 3 -  
(3.11 1 
The minimum cos t  function (J = 78.1) was obtained with the  gain: 
k = 115.2, 49.2, 305., 64.41 (3.12) 
This gain was used i n  a Monte Carlo simulation of 2000 i n i t i a l  condi- 
t i o n s  randomly sampled from t h e  range i n  equation 3.7. The domain 
a t t r a c t e d  t o  t h e  o r i g i n  i n  t - < 5 is shown i n  Figure 12. The m i n i m u m  
r ad ius  is: 
A = 0.35 2 0.06 rperf (3.13) 
This region is  not t he  t o t a l  domain of a t t r a c t i o n .  T h e r e  is a 
l a r g e r  se t  of i n i t i a l  conditions t h a t  have t r a j e c t o r i e s  t h a t  lead Lo t he  
o r ig in .  Figure 13 shows t h e  s t a b i l i t y  region f o r  t h i s  con t ro l .  Here, a l l  
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i n i t i a l  c o n d i t i o n s  g e t  t o  t h e  o r i g i n  i n  t 5 20. The minimum r a d i u s  is: 
- 0.81 2 0.03 s t a b  - P 
F i g u r e  14 shows a l l  2000 i n i t i a l  c o n d i t i o n s .  
(3 .14)  
To d i s t i n g u i s h  between t h e  v a r i o u s  r e g i o n s  i n  t h e  s t a t e  space, t h e  
f o l l o w i n g  terms are i n t r o d u c e d .  
S tab le  set: 
I n i t i a l  c o n d i t i o n s  t h a t  are a t t rac ted  t o  t h e  e q u i l i b r i u m  p o i n t .  
U n s t a b l e  set:  
I n i t i a l  c o n d i t i o n s  t h a t  a r e  n o t  a t t r a c t e d  t o  t h e  e q u i l i b r i u m  p o i n t  
(complement o f  t h e  s t a b l e  se t ) .  
Pass set: 
I n i t i a l  c o n d i t i o n s  t h a t  s a t i s f y  t h e  per formance  c r i t e r i a  ( a  s u b s e t  
of t h e  s t a b l e  set) .  
F a i l  set: 
I n i t i a l  c o n d i t i o n s  t h a t  do  n o t  s a t i s f y  t h e  per formance  c r i t e r i a  
(complement of t h e  p a s s  s e t ) .  
Domain o f  per formance:  
Region d e l i n e a t e d  by t h e  p a s s  s e t .  
Domain of a t t r a c t i o n :  
Region d e l i n e a t e d  by t h e  s t a b l e  set. 
F i g u r e  15 shows a t y p i c a l  t r a j e c t o r y  from an i n i t i a l  c o n d i t i o n  i n  
t h e  s t a b l e  r e g i o n .  The car t  motion does n o t  meet t h e  s e t t l i n g  time cri-  
t e r i a .  T r a j e c t o r i e s  i n  t h e  p a s s  reg ion  are similar b u t  have  f a s t e r  
r e s p o n s e s .  A t y p i c a l  u n s t a b l e  t r a j e c t o r y  is shown i n  F i g u r e  16. The 
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Figure 15: A Stable Trajectory for  Minimum Error Squared Control 
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Fi,gure 16:  An  Unstable  T r a j e c t o r y  f o r  Flinimum E r r o r  Squared Control  
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accelerates  away from the origin.  A t  t h i s  point,  the control ler  is com- 
p le te ly  confused by the nonlinearit ies of the system. 
Although t h i s  control design minimizes t h e  squared error  for a 
spec i f ic  i n i t i a l  condition, the optimization is very  local .  T h i s  gain 
would not be optimal for other i n i t i a l  conditions since the system is  
nonlinear. The d e s i g n  therefore depends on two parameters: the weighting 
factor  and the i n i t i a l  condition. There is no a p r i o r i  way of determin- 
i n g  an appropriate choice for them or t h e i r  e f f e c t  on the system's glo- 
bal behavior. I n  t h i s  case, the optimization of a local  region occurred 
a t  the expense of system response from a more global s e t  of i n i t i a l  con- 
di t ions.  
- -  3.3 Minimum T i m e  Control 
An a l te rna t ive  cost  function for the optimal control design is 
minimum time. The previous example showed a very small domain of perfor- 
mance b u t  a reasonable s ize  s t a b i l i t y  region. Hopefully, u s i n g  time as  
the cost  function w i l l  enlarge the region t h a t  passes the time limited 
performance c r i t e r i a .  Since t h e  controller form is r e s t r i c t e d  t o  l inear ,  
s t a t e  feedback, t h i s  d e s i g n  is not an optimal control. Rather, it is the 
minimization of t h e  sys t em se t t l ing  time given t h i s  control ler  form. 
Using  a s t a t e  feedback controller (equation 3.8), the cost  function 
i s  now: 
J = t: x .  < 0.01; i = 1 , 2 , 3 , 4  (3.15) 
1 -  
where t is the time it  takes the system t o  s e t t l e  t o  w i t h i n  the toler-  
ance band about the origin.  
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The i n i t i a l  condi t ion i n  equat ion 3.10 was used  t o  f ind  t h e  ga ins  
t h a t  minimize t h e  c o s t  func t ion  J. F i v e  hundred  s e t s  of  ga ins  were ran- 
domly se lec ted  from uniform d i s t r i b u t i o n s  over t h e  range i n  equat ion 
3.11. The min imum cos t  func t ion  (J = 2.86) was obtained w i t h  t h e  gain: 
T h i s  gain was used i n  a Monte Carlo s imula t ion  of  2000 i n i t i a l  con- 
d i t i o n s  randomly sampled from t h e  range i n  equat ion 3.7. The domain 
a t t r a c t e d  t o  the o r i g i n  i n  t 1.5 is shown i n  Figure 17. The pass  region 
is i d e n t i c a l  t o  t h e  s t a b i l i t y  region. I n  f a c t ,  a l l  i n i t i a l  condi t ions  
su rpass  t h e  performance c r i t e r i a  and a r r i v e  a t  t h e  o r i g i n  i n  t 5 3.5. 
The minimum radius  is: 
= r  A = 0.89 2 0.03 F perf  s t a b  (3.17) 
While  t h i s  con t ro l  design insured t h a t  t h e  s e l ec t ed  i n i t i a l  condi- 
t i o n  met ' the  performance c r i t e r i a ,  it d i d  not genera te  a domain of per- 
formance reaching very f a r  beyond it. The sharp  edge of t h e  domain 
( t  5 3.5 f o r  a t t r a c t e d  p o i n t s )  is a resul t  of t h e  l o c a l  op t imiza t ion .  
O t h e r  i n i t i a l  condi t ions  would generate  d i f f e r e n t  r e s u l t s .  While t h i s  
design meets t h e  performance c r i t e r i a  f o r  a l a r g e r  set  of s t a t e  per tur -  
ba t ions  than t h e  minimum squared e r r o r  design,  t h e  consequences of  l o c a l  
design dec is ions  ( t h e  i n i t i a l  condi t ions)  on t h e  g loba l  resul t  (domain 
s i z e )  a r e  
- 3.5 Pole 
Pole 
not e a s i l y  pred ic ted .  
P lacement Control  










































performance through t h e  select ion of closed loop poles. The system model 
is l inearized so the design i s  only i n s u r e d  for behavior near the 
equilibrium p o i n t .  The control ler  is i n  a s t a t e  feedback form and it is 
assumed t h a t  the e n t i r e  s t a t e  vector is  e i t h e r  availqble or observable. 
For controllable systems, the system/controller poles can be placed 
wherever desired. 
Using the l inearized system described i n  equations 3.3 and 3.4, the  
control is expressed i n  a s t a t e  feedback form (equation 3.8). Combining 
equstions 3.4 and 3.8 gives: 
x = ( A  + b - k )  x (3.18) 
where A is the system matrix and b is a column vector. The poles (eigen- 
values) of equation 3.18 can be placed a r b i t r a r i l y  because the system 
(A,b) is controllable 133. Transforming t h e  system t o  a control canoni- 
c a l  form a ids  i n  f i n d i n g  the gain k t h a t  yields  the desired poles. 
I t  is d i f f i c u l t  t o  determine which pole locations w i l l  s a t i s f y  t h e  
system design c r i t e r i a .  The poles a re  selected i n  a l inear  environment 
b u t  the system is highly nonlinear. Therefore, the task is  t o  f i n d  poles 
t h a t  w i l l  permit the nonlinear system t o  recover from the la rges t  range 
of perturbations w i t h  t - < 5. 
For instance, if t h e  poles a r e  placed a t  s = -1, -1, -5, -5 the  
gain vector is: 
k = E2.5, 6, 59.5,  181 (3.19) 
Equations 3.8 and 3.19 show t h a t  the slow poles (-1)  cause a moderate 
rzaction t o  cart  position and velocity e r rors  while the f a s t  poles (-5) 
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cause a s t ronge r  r eac t ion  t o  pendulum pos i t i on  and v e l o c i t y  e r r o r s .  
Two thousand uniformly d i s t r i b u t e d  i n i t i a l  condi t ions  from t h e  
range i n  equat ion 3.7 were simulated u s i n g  t h e  gain i n  equat ion 3.19. 
The  domain of performance ( a t t r a c t e d  t o  t h e  o r i g i n  i n  t 1. 5 )  is shown i n  
F igure  18. I t  has  a c e n t r a l  region and two separated wings. The wings 
a r e  i s o l a t e d  from t h e  main body of t h e  a t t r a c t o r  by a region t h a t  is 
s tab le  b u t  does not  meet t h e  s e t t l i n g  time l i m i t .  The t o t a l  set  of  i n i -  
t i a l  condi t ions  is shown i n  Figure 19. 
G i v e n  t h e  performance c r i t e r i a  of  t 1. 5, t h e  c o n t r o l l e r l s  behavior 
can be measured u s i n g  t h e  pass region.  The reg ion ' s  wings  and long 
ex tens ions  along t h e  x a x i s  do not con t r ibu te  t o  t h e  system's a b i l i t y  t o  
recover from random s t a t e  per turba t ions .  Rather,  pe r tu rba t ion  recovery 
is measured w i t h  t h e  m i n i m u m  radius of  t h e  domain of  a t t r a c t i o n :  
* r - 0.45 2 0.03 perf - 
For comparison, t h e  m i n i m u m  rad ius  of  t h e  s t a b i l i t y  region is: 
- 1.20 + 0.03 - s t a b  - T 
(3.20) 
(3.21 1 
To inc rease  t h e  sys t em ' s  a b i l i t y  t o  recover from pe r tu rba t ions ,  t h e  
main body of t h e  domain of  performance needs t o  be expanded toward t h e  
wings, f i l l i n g  i n  t h e  s t a b l e  r eg ion .  Since t h i s  region was not  s a t i s f y -  
i n g  t h e  time c o n s t r a i n t ,  it would seem reasonable  t o  use f a s t e r  po les  t o  
improve t h e  system behaviirr. However, increas ing  t h e  speed of  a l l  t h e  
po les  has been found t o  s h r i n k  the region.  For example, us ing  poles  a t  s 
= -5, -5, -5, -5 gives  a performance minimum r ad ius  of 0.31 2 0.05. 
Through t r i a l  and e r r o r ,  it was found t h a t  good resul ts  were obtained 
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when an  a p p r o p r i a t e  m i x t u r e  of f a s t  and slow p o l e s  were used .  T h e r e  i s  
no d i r e c t  method t o  d e t e r m i n e  t h i s  mix tu re .  
It is  g e n e r a l l y  t r u e  i n  l i n e a r  s y s t e m s  t h a t  f a s t e r  p o l e s  g i v e  t h e  
sys t em a l a r g e r  domain s i n c e  t h e y  imply  t h a t  t h e  sys t em r e c o v e r s  q u i c k l y  
from p e r t u r b a t i o n s .  As shown above ,  t h i s  is  n o t  n e c e s s a r i l y  t r u e  of non- 
l i n e a r  sys tems.  The example w i t h  p o l e s  a t  s = -1,  -1, -5, -5, r e c o v e r s  
from a l a r g e r  group of p e r t u r b a t i o n s  i n  t 5 5, y e t  i ts  l i n e a r  d e s i g n  has 
some slower poles t h a n  t h e  case w i t h  a l l  p o l e s  a t  -5. T h i s  is b e c a u s e  
t h e  l i n e a r  approximat ion  o n l y  h o l d s  for  b e h a v i o r  n e a r  t h e  e q u i l i b r i u m  
p o i n t .  The domain i n v e s t i g a t i o n  u s e s  i n i t i a l  c o n d i t i o n s  f a r  from t h e  
o r i g i n ;  here the  n o n l i n e a r  p r o p e r t i e s  of t h e  sys t em dominate  i ts  
b e h a v i o r .  Thus, t h e  d e c i s i o n  t o  u s e  fas ter  or  slower p o l e s  c a n n o t  a lways  
b e  i n t u i t i v e l y  based  on t h e  l i n e a r i z e d  b e h a v i o r .  
3.5 Monte C a r l o  Search F o r  L i n e a r  S t a t e  Feedback  G a i n s  - ---
The connec t ion ,  or map, between t h e  p lacement  of p o l e s  i n  a l i n e a r -  
i z e d  d e s i g n  and t h e  r e s u l t i n g  b e h a v i o r  i n  t h e  n o n l i n e a r  sys t em i s  nonin-  
t u i t i v e .  The l i m i t a t i o n  i n  t h e  u s e  of l i n e a r  s t a t e  f eedback  c o n t r o l  on 
n o n l i n e a r  sys tems is  i n  t h e  absence  of t h i s  map from d e s i g n  p a r a m e t e r s  
t o  sys t em performance.  
A more d i r e c t  d e s i g n  approach  is  used  here. The g o a l  r ema ins  t o  
f i n d  t h e  l i n e a r  f eedback  c o n t r o l l e r  g a i n s  t h a t  e n a b l e  t h e  sys t em t o  
r e c o v e r  from the l a r g e s t  se t  of p e r t u r b a t i o n s .  However, i n s t e a d  of look- 
i n g  f o r  l i n e a r i z e d  sys t em p o l e s  or o p t i m a l  g a i n s  for a s p e c i f i c  i n i t i a l  
c o n d i t i o n ,  a direct  s e a r c h  of c o n t r o l l e r  g a i n s  is made u s i n g  t h e  domain 
of performance as  t h e  selection f i l t e r .  T h i s  g l o b a l  d e s i g n  method 
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s e a r c h e s  for  s y s t e m s  t h a t  c a n  r ecove r  from t h e  l a r g e s t  c l a s s  of s t a t e  
p e r t u r b a t i o n s .  
The c o n t r o l l e r  has t h e  feedback form of e q u a t i o n  3.8. A r a n g e  for 
each e l emen t  of t h e  k v e c t o r  is selected and t h e  e l e m e n t s  a r e  set w i t h  a 
random search u s i n g  a uni form d i s t r i b u t i o n  o v e r  t h e  r e s p e c t i v e  r a n g e s .  
T h i s  g a i n  v e c t o r  is  used  i n  a domain s i m u l a t i o n  of t h e  n o n l i n e a r  sys t em 
w i t h  i n i t i a l  c o n d i t i o n s  selected randomly from t h e  r e g i o n  of s t a t e  
s p a c e .  A t  t h e  end of each domain s i m u l a t i o n ,  t h e  minimum r a d i u s  of t h e  
domain of per formance  is  s tored and a n o t h e r  g a i n  v e c t o r  i s  p icked .  The 
l a r g e s t  minimum r a d i u s  found from t h i s  n e s t e d  Monte Carlo p r o c e d u r e  
c o r r e s p o n d s  t o  t h e  sys t em t h a t  can r e c o v e r  from t h e  la rges t  s e t  of ran-  
domly o r i e n t e d  s t a t e  p e r t u r b a t i o n s .  
The g a i n s  are randomly selected from t h e  set:  
(0 k l  50, 0 < k < 50, 
0 < k 
- 2 -  
< 200, 0 - < k4 - < 100) - 3 -  
(3 .22)  
where each s u b s c r i p t e d  k is an element  of t h e  g a i n  v e c t o r .  F i v e  hundred 
g a i n  v e c t o r s  were selected and each g a i n  was s i m u l a t e d  u s i n g  1000 i n i -  
t i a l  c o n d i t i o n s  from t h e  r ange  i n  e q u a t i o n  3.7. 
The best g a i n  was found to  be: 
F i g u r e  20 shows t h e  domain of performance for t h i s  g a i n  u s i n g  2000 i n i -  
t i a l  c o n d i t i o n s .  The minimum radius is: 
























The minimum r a d i u s  of t h e  pass  and s t a b i l i t y  r e g i o n s  are i d e n t i c a l .  
They d i f f e r  o n l y  where t h e  car t  is f a r  from t h e  o r i g i n  and t h e  pendulum 
i s  l e a n i n g  i n  t h e  same d i r ec t ion  a s  t h e  c a r t  d i s p l a c e m e n t .  In these 
cases, t h e  time t o  ge t  the  pendulum b a l a n c e d  and move t h e  c a r t  back t o  
t h e  o r i g i n  is s l i g h t l y  l o n g e r  than t h e  per formance  l i m i t .  
Us ing  t h e  g a i n  i n  e q u a t i o n  3.23, t h e  poles of t h e  closed l o o p  sys -  
tem ( e q u a t i o n  3.18) a r e  a t  s = -22.66, -1.02, -1.26+1.22j, - where j is  
t h e  u n i t  imag ina ry  number. Hence, t h e  best  m i x t u r e  of p o l e s  is  for  o n e  
t o  be v e r y  f a s t  and t h e  other three t o  be rather slow. 
Whi le  t h i s  d e s i g n  h a s  a l a r g e r  minimum r a d i u s  t h a n  t h a t  found by 
t r i a l  and error p lacement  of poles or local  o p t i m i z a t i o n s ,  it may n o t  b e  
t h e  controller w i t h  t h e  l a r g e s t  possible domain. The r a n g e  of g a i n s  was 
sampled o n l y  500 times. F u r t h e r  s ampl ing  c o u l d  t u r n  up some t h a t  would 
pe r fo rm better. 
- -  3.6 - A N o n l i n e a r  C o n t r o l l e r  
O f  t h e  c o n t r o l l e r s  p re sen ted  i n  t h i s  c h a p t e r ,  t h e  one  t h a t  
r e c o v e r e d  from t h e  largest  c l a s s  of s t a t e  p e r t u r b a t i o n s  was t h e  l i n e a r  
s t a t e  f eedback  u s i n g  a search over a r a n g e  of g a i n s .  The d e s i g n  d i d  n o t  
depend on parameter s e l e c t i o n  and t h e  domain of a t t r a c t i o n  was used  t o  
d e t e r m i n e  g l o b a l  b e h a v i o r .  A c r i t i ca l  l i m i t a t i o n ,  however ,  e x i s t s  i n  t h e  
s y s t e m ' s  r e c o v e r y  from p e r t u r b a t i o n s  in t h e  d i r e c t i o n  of pendulum a n g l e  
( x  1. To t r y  t o  i n c r e a s e  t h e  angu la r  r a n g e ,  a n o n l i n e a r  c o n t r o l l e r  w i t h  
n o n l i n e a r  g a i n  for t h e  ang le  component of t h e  s t a t e  f eedback  w i l l  be 
used .  
3 
The n o n l i n e a r  c o n t r o l l e r  for t h e  i n v e r t e d  pendulum u s e s  t h e  
5 6. 
f o l l o w i n g  feedback form: 
F = [ k l x l  + k2x2 + f ( x  ) X  + k4x41 3 3  (3.25) 
- b < x  < b  - 3 -  
f ( x 3 )  = a x + c: x3 L b  
- C: X 3  1. -b 
The n o n l i n e a r  ga in  f u n c t i o n  f is  shown i n  F i g u r e  21. 
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are  f i x e d  a t  t h e  v a l u e s  found for t h e  best l inear  g a i n  i n  e q u a t i o n  3.23. 
The a n g u l a r  ga ins  a r e  from t h e  range:  
To reduce  t h e  dimension of t h e  ga in  s e a r c h ,  t h e  g a i n s  for  x and x 
1 
IO < a ,  < 300, 0 < a2 < 400, 0 1. k 4  1. 801 - - - - (3 .26)  
T h e  break  point i n  t h e  n o n l i n e a r  g a i n  f i s  se t  t o  b = 0.9. The in te r -  
c e p t  c i s  c a l c u l a t e d  for  each se lec t ion  of a and a so t h a t  t h e  f u n c -  
t i o n  i s  cont inuous .  
1 2 
F i v e  hundred g a i n s  were randomly selected from a uni form d i s t r i b u -  
t i o n  ove r  t h e  range i n  e q u a t i o n  3.26. Each was s i m u l a t e d  w i t h  1000 i n i -  
t i a l  condi t ions d i s t r i b u t e d  over  t h e  r ange  i n  e q u a t i o n  3.7. The system 
w i t h  t h e  l a r g e s t  domain had ga ins :  
k l  = 7.2  (3 .27)  
k2 = 13.2 
a! = 118.7 
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Figure 21: Nonlinear Control Gain Function 
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a2 = 253. 
ku = 43.5 
The domain of  a t t r a c t i o n  us ing  2000 i n i t i a l  cond i t ions  is shown i n  
ure 22 and the  m i n i m u m  r ad ius  is: 
Fig- 
A = 1.32 + 0.03 - = r  i; perf  s t a b  (3.28) 
For t h i s  c o n t r o l l e r ,  t h e  domain of  performance and t h e  domain of  a t t r a c -  
t i o n  a r e  i d e n t i c a l  over t h e  sampled range of  i n i t i a l  condi t ions .  
While t h i s  c o n t r o l l e r  is  an improvement over t h e  l i n e a r  one, it is 
probably not  opt imal .  F i r s t ,  t h e  ga ins  on c a r t  pos i t i on  and v e l o c i t y  
could be included i n  t h e  Monte Carlo search. Secondly, a l l  t h e  ga ins  
could be made nonl inear  with a d j u s t a b l e  break poin ts .  Las t ly ,  a s t a t e  
space d i s c r e t e  c o n t r o l l e r ,  s u c h  a s  those  proposed by Young could 
be used ins tead .  T h i s  con t ro l  design example was chosen t o  show t h a t  
nonl inear  c o n t r o l l e r s  can be designed w i t h  t h e  same techniques a s  l i n e a r  
ones. 
C181, 
- 3.1  Summary 
I n  designing c o n t r o l l e r s  f o r  nonl inear  systems, t h e  non l inea r i ty  
cannot be ignored. Con t ro l l e r s  t h a t  a r e  designed with a l i n e a r  approxi- 
mation may or  may not  be adequate t o  c o n t r o l  t h e  nonl inear  system. The 
l i n e a r i z e d  design o n l y  guarantees  behavior near t h e  equi l ibr ium. While 
t h i s  is s u f f i c i e n t  t o  determine l o c a l  s t a b i l i t y ,  it is  o f t e n  inadequate 
t o  eva lua te  t h e  s y s t e m ' s  g loba l  behavior.  Fu r the r ,  c o n t r o l l e r s  t h a t  
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mance. By using t h e  domain o f  a t t r a c t i o n  as  a s e l e c t i o n  f i l t e r  i n  con- 
t r o l l e r  des ign ,  t h e  g l o b a l  behav io r  o f  t h e  nonlinear sys t em is d i r e c t l y  
known. The nested Monte C a r l o  method p e r m i t s  d e s i g n  o f  l i n e a r  and non- 
l i n e a r  c o n t r o l l e r s  t h a t  have l a r g e  domains of a t t r a c t i o n  and pe r fo r -  
mance. The e l i m i n a t i o n  of d e s i g n  pa rame te r s ,  such a s  we igh t ing  f a c t o r s  
or i n i t i a l  c o n d i t i o n s ,  f u r t h e r  s i m p l i f i e s  t h e  d e s i g n  problem. 
A d i s t i n c t i o n  h a s  been made between domain o f  performance and 
domain o f  a t t r a c t i o n .  For systems t h a t  a r e  i n i t i a l l y  u n s t a b l e ,  domain o f  
a t t r a c t i o n  may be su f f i c i en t  a s  a performance measure. However, s t a b l e  
systems,  p a r t i c u l a r l y  those t h a t  are g l o b a l l y  a t t r a c t i n g ,  can o n l y  be 
analyzed w i t h  t h e  domain of  performance. The o n l y  difference is i n  t h e  
g o a l s :  t h e  domain o f  a t t r a c t i o n  is used t o  d e l i n e a t e  s t a b i l i t y  and t h e  
domain o f  performance i n d i c a t e s  t h e  r eg ion  t h a t  meets t h e  performance 
c r i t e r i a .  
A t a b u l a t i o n  o f  minimum r a d i i  f o r  t h e  v a r i o u s  c o n t r o l l e r s  p re sen ted  
i n  t h i s  chap te r  i s  found i n  Table  3. 
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Table 3: Inverted Pendulum Controller Summary 
Controller 





A r perf 
0.35 + 0.05 - 
0.89 2 0.03 
0.45 2 0.03 
1.20 - + 0.03 
1.32 2 0.03 
A r stab 
0.81 - + 0.03 
0.89 - + 0.03 
1.20 - + 0.03 
1.20 - + 0.03 
1.32 - + 0.03 
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4 THE CELSS MODELS 
- -  4.1 Overview 
A Closed Eco log ica l  Life Support  System (CELSS) is  u s u a l l y  con- 
ce ived  a s  having mass c l o s u r e  b u t  an e x t e r n a l  s u p p l y  o f  energy. It is 
p o s s i b l e  t o  model such a system u s i n g  c o n s e r v a t i o n  o f  mass e q u a t i o n s  
t h a t  d e s c r i b e  t h e  s t o r a g e  t a n k  behav io r .  Flows between t a n k s  can be 
t r e a t e d  a s  c o n t r o l l a b l e  v a r i a b l e s .  Averner 111 used t h i s  approach 
b a l a n c i n g  t h e  e l emen ta l  masses (hydrogen, oxygen, n i t r o g e n ,  etc.)  i n  t h e  
system. S t a h r ,  e t  a l .  [151 developed a model where bu lk  masses ( w a t e r ,  
carbon d iox ide ,  e d i b l e  food,  etc.)  a r e  fol lowed th rough  t h e  system. The 
l a t t e r  approach w i l l  be used h e r e  because it l e n d s  i t s e l f  t o  examina- 
t i o n s  o f  t he  i n t e r p l a y  between s t o r a g e  t a n k  s i z e ,  system mass, and con- 
t r o l  des ign .  
I n i t i a l  des ign  s t u d i e s  f o r  c l o s e d  l i f e - s u p p o r t  systems c o n c e n t r a t e  
on t h e  equ i l ib r ium requ i r emen t s  f o r  s u p p o r t i n g  t h e  crew 1113. These s t u -  
d i e s  g i v e  some i n d i c a t i o n  o f  mass and volume requ i r emen t s  by s p e c i f y i n g  
t h e  f lows t h a t  w i l l  be necessa ry  th rough  v a r i o u s  p r o c e s s o r s ,  and t h u s  
g i v e  some i n d i c a t i o n  o f  t h e  minimum u n i t  s i z e .  However, t h e  l i f e  s u p p o r t  
system must be  c a p a b l e  of ma in ta in ing  v i t a l  f u n c t i o n s  d u r i n g  temporary 
f a i l u r e s  o f  some o f  i ts components. Ex t r a  s t o r a g e  must be p rov ided ,  pro- 
c e s s o r s  must have t h e  c a p a b i l i t y  o f  o p e r a t i n g  above ( o r  below) t h e i r  
e q u i l i b r i u m  flows, and t o t a l  amounts o f  f l owing  masses i n  t h e  sys t em 
must be s p e c i f i e d .  T h i s  p a r t  of t h e  desigri can o n l y  be done by cons ide r -  
i n g  t h e  system's  dynamic behavior  a s  none o f  t h e s e  pa rame te r s  enter i n t o  
t h e  s t a t i c  equ i l ib r ium c a l c u l a t i o n .  
6 3  
To examine t h e  dynamic i n t e r a c t i o n  of i n t e r n a l  sys t em mass and 
s t o r a g e  t a n k  s izes ,  t h e  model of  a CELSS shown i n  F i g u r e  23 is used .  
T h i s  abstract  model is a s i m p l i f i c a t i o n  of t h e  t r u e  c o m p l e x i t y  of t h e  
sys tem.  It does, however, c o n t a i n  some e s s e n t i a l  components of a CELSS: 
c o n s t a n t  mass, f i n i t e  s t o r a g e  t a n k  s izes ,  and l i m i t e d  p r o c e s s o r  c a p a c i -  
t i es  . 
To u n d e r s t a n d  t h e  model be t t e r ,  i t s  b e h a v i o r  a t  s t e a d y  s t a t e  is 
examined. The crew consumes food a t  a r a t e  of one  u n i t / d a y  ( s t e a d y  
s t a t e )  from food s t o r a g e .  With t h e  c r o p  growing t o  m a t u r i t y  i n  60  days ,  
t h e  6 p l a n t  chambers p roduce  a h a r v e s t  e v e r y  10 days.  T h i s  h a r v e s t  must 
have  an  ed ib l e  mass of 10 u n i t s  f o r  t h e  sys t em t o  remain a t  s t e a d y  
s t a t e .  
Under normal c o n d i t i o n s ,  o n e  t h i r d  of t h e  h a r v e s t  is  e d i b l e .  The 
i n e d i b l e  p a r t  is  p l a c e d  i n  was te  s t o r a g e .  As food is consumed, t h e  
crew's waste a l s o  goes i n t o  t h i s  tank.  The w a s t e  is  r e o x i d i z e d  i n  t h e  
w a s t e  processor and t h e  r e s u l t i n g  n u t r i e n t s ,  w a t e r ,  etc., a r e  placed i n  
t h e  p l a n t  chambers. To i n s u r e  adequate growth for  t h e  s t e a d y  s t a t e ,  t h e  
p r o c e s s o r  flow must be 3 u n i t s l d a y .  
Both food and waste s t o r a g e s  have  capac i t ies .  I f  a c a p a c i t y  is 
exceeded ,  t h e  t a n k ' s  o u t p u t  flow must be i n c r e a s e d .  The waste p r o c e s s o r  
a l s o  has a c a p a c i t y .  If i t s  c a p a c i t y  is exceeded ,  some o f  t h e  flow is 
bypassed .  C l e a r l y  o v e r f l o w  c o n d i t i o n s  c a n  o c c u r  g i v e n  f i n i t e  s t o r a g e  
t a n k s  and t h e  p o s s i b i l i t y  of a component . f a i l u r e .  
The flows i n  t h i s  model a r e  mix tu res  of s o l i d s ,  g a s e s  and l i q u i d s .  



















Figure 23: A CELSS Model 
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and o t h e r  m a t e r i a l  needed f o r  p l a n t  growth. The "ha rves t "  c o n t a i n s  
excess water, oxygen, e d i b l e  and i n e d i b l e  p l a n t  m a t t e r ,  and o t h e r  Dypro- 
d u c t s  of p l a n t  growth. me p r o p e r  mixing of t h e  e l emen t s  is assumed. I n  
t h i s  model t h e  p l a n t  growth depends o n l y  on t h e  r a t e  of t h e  n u t r i e n t  
flow. 
The p l a n t s  i n  each chamber a r e  a t  d i f f e r e n t  s t a g e s  of growth t o  
a l l o w  h a r v e s t s  a t  10-day i n t e r v a l s .  As a s i m p l i f i c a t i o n ,  an independent  
supp ly  o f  s e e d s  is  assumed. The s t eady  s t a t e  p l a n t  growth is shown i n  
F i g u r e  24 ( t o p ) .  T h i s  c u r v e  fo l lows  t h e  g e n e r a l  behav io r  o f  p l a n t  
growth C131. The p l a n t  mass r eaches  10% of  t h e  h a r v e s t  mass i n  t h e  f i r s t  
20 days from a n u t r i e n t  f low o f  0.1 u n i t s / d a y .  The p l a n t s  grow f a s t e r  i n  
t h e  second 20 days r each ing  50% of its t o t a l  mass. So fa r  no e d i b l e  mass 
h a s  grown. I n  t h e  l a s t  20 days,  2/3 of t h e  n u t r i e n t  f low goes i n t o  ed i -  
b l e  growth. Hence, t h e  result  is a h a r v e s t  t h a t  is 1/3 e d i b l e .  
If t h e  n u t r i e n t  flow i n t o  t h e  p l a n t  chamber is n o t  a t  t h e  s t e a d y  
s t a t e  two t h i n g s  happen C81. First, t h e  t o t a l  p l a n t  mass does no t  
i n c r e a s e  a s  i n d i c a t e d  i n  F i g u r e  24 ( t o p ) .  T h i s  effect  is due t o  conser- 
v a t i o n  of mass. Second, if t h i s  o c c u r s  d u r i n g  t h e  l a s t  20 days o f  t h e  
growth c y c l e  (when t h e  e d i b l e  p a r t  grows),  t h e  p e r c e n t  o f  t h e  n u t r i e n t  
flow t h a t  becomes e d i b l e  is a f fec t ed  ( F i g u r e  24, center).  The n u t r i e n t  
always d iv ided  t o  do t h e  l e a s t  damage t o  t h e  f low i n t o  t h e  6 chambers is 
growing p l a n t s .  
If t h e  was te  p rocesso r  
i n t o  t h e  p l a n t  chambers 
" i n e r t  ma t t e r "  i n  t h e  p l a n t  
p l a n t s '  growth. If  t h e r e  is 
s c a p a c i t y  i s  exceeded,  t h e  bypass  f low goes 
see Figure 23) .  T h i s  ove r f low accumulates  a s  
chambers and does  no t  c o n t r i b u t e  t o  t h e  
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l a s t  20 d a y s  (when t h e  ed ib le  p a r t  of t h e  p l a n t  is  growing)  i t s  growth 
is i n h i b i t e d  (see F i g u r e  24, bot tom).  The i n e r t  m a t t e r  is removed from 
t h e  p l a n t  chamber d u r i n g  h a r v e s t ,  and is s e n t  t o  t h e  w a s t e  s t o r a g e .  
C o n t r o l  is  e x e r t e d  on t h e  system by a d j u s t i n g  t h e  n u t r i e n t  flow t o  
t h e  p l a n t  chambers. Flow r e g u l a t i o n  d e c i s i o n s  may be based  on a v a r i e t y  
of i n f o r m a t i o n  a b o u t  t h e  system. For  example,  t h e  growth of p l a n t s  
c o u l d  be  set t o  compensa te  for a poor  h a r v e s t ,  or t h e  flow of n u t r i e n t s  
c o u l d  be a d j u s t e d  t o  r e t u r n  t h e  was te  s t o r a g e  t a n k  t o  i ts  s t e a d y  v a l u e .  
E v a l u a t i n g  t h e  e f f e c t i v e n e s s  of these feedback schemes is  c r i t i ca l  i n  
t h e  c o n t r o l l e r  d e s i g n .  This, a long  w i t h  an  i n v e s t i g a t i o n  of t h e  e f fec ts  
of s t o r a g e  t a n k  s i z e  w i l l  be covered i n  the  f o l l o w i n g  s e c t i o n s .  
4.2 The S t a t e  E q u a t i o n s  - -  -- 
Three  v e r s i o n s  of t h e  CELSS model were c o n s i d e r e d :  a n e  w i t h  three 
p l a n t  growth chambers, one w i t h  s i x ,  and t h e  o ther  w i t h  twe lve .  While 
t h e  s t e a d y  b e h a v i o r  of these t h r e e  a r e  s i m i l a r ,  t h e i r  d i f f e r e n c e s  i n  
h a r v e s t  ra tes  and s t o r a g e  tank  n e e d s  are  c o n s i d e r a b l e  and have  f a r  
r e a c h i n g  consequences .  
The three-chamber model looks similar t o  t h e  one  in F i g u r e  23 
e x c e p t  fo r  t h e  number of growth chambers .  The p l a n t  growth c u r v e s  a r e  
t h e  same a s  t h o s e  in F i g u r e  24. I t  h a s  h a r v e s t s  e v e r y  20 d a y s  whereas  
t h e  six-chamber v e r s i o n  is h a r v e s t e d  a t  10-day i n t e r v a l s .  The p l a n t  
growth  time is 60 d a y s  for bo th .  S i m i l a r l y ,  t h e  twelve-chamber model has  
t h e  same form b u t  i s  h a r v e s t e d  every  5 days .  
The CELSS models c o n s i s t  of s t a t e  e q u a t i o n s  t h a t  r e p r e s e n t  mass 
c o n s e r v a t i o n  for  s t o r a g e  t a n k s  and t h e  p l a n t  growth  chambers .  The s t a t e  
68 
e q u a t i o n s  are of t h e  form: 
(4.1)  
where x is  t h e  v e c t o r  o f  masses, u i s  t..e c o n t r o l ,  and g i s  t h e  v e c t o r  
used t o  r e p r e s e n t  s w i t c h i n g  f u n c t i o n s  a s s o c i a t e d  w i t h  h a r v e s t i n g  and 
' t ank  c a p a c i t i e s .  
For example, t h e  food s t o r a g e  s t a t e  is: 
(4.2)  
The f low i n t o  t h e  t ank  (q in )  i s  t h e  e d i b l e  p a r t  o f  t h e  h a r v e s t .  It is a 
d e l t a  func t ion  because t h e  h a r v e s t i n g  i s  p e r i o d i c .  The o u t p u t  f low 
1 is t h e  r e q u i r e d  r a t e  o f  food going t o  t h e  crew ( a  con t inuous  
f u n c t i o n  g,(xfood) i s  a s w i t c h i n g  f u n c t i o n  t h a t  is used 
s t o r a g e  t a n k  
( % u t  
f u n c t i o n ) .  The 
t o  r e p r e s e n t  an  empty o r  ove r f lowing  food tank.  The waste 
h a s  a s i m i l a r  s t a t e  equa t ion  excep t  t h a t  i ts  s w i t c h i n g  f u n c t i o n  g a l s o  
c o n t a i n s  information on t h e  waste  p rocesso r  c a p a c i t y .  
Each p l a n t  chamber h a s  t h r e e  s t a t e  e q u a t i o n s  a s s o c i a t e d  wi th  it. 
The f i r s t  is t h e  mass of t h e  e d i b l e  p a r t  o f  t h e  p l a n t .  It  is se t  t o  z e r o  
f o r  any chamber a s s o c i a t e d  w i t h  t h e  f i r s t  40 days o f  t h e  p l a n t ' s  growth. 
During t h e  l a s t  20 days of p l a n t  growth t h e  s t a t e  e q u a t i o n  is: 
(4.3)  
The i n p u t  flow ( q j n )  is t h e  n u t r i e n t  f low from t h e  waste  p rocesso r .  
F u n c t i o n s  f l  and f 2  are t h e  e d i b l e  growth f u n c t i o n s  r e p r e s e n t e d  i n  Fig- 
u r e  24 ( c e n t e r  and bottom, r e s p e c t i v e l y ) .  f 2  is  t h e  iner t  mass s t a t e  
v a r i a b l e  a s soc ia t ed  w i t h  each chamber. The s w i t c h i n g  f u n c t i o n  g2 
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r e p r e s e n t s  p e r i o d i c  h a r v e s t i n g .  
The second s t a t e  v a r i a b l e  f o r  e a c h  chamber i s  t h e  i n e d i b l e  p a r t  of 
t h e  p l a n t .  For  p l a n t s  o v e r  40 days o l d ,  it grows by  u s i n g  t h e  n u t r i e n t  
flow (qin)  t h a t  is n o t  b e i n g  used  for e d i b l e  growth:  
(4 .4 )  
The f u n c t i o n s  f l  and f are t h e  same a s  for  t h e  e d i b l e  s t a t e  v a r i a b l e .  
The s w i t c h i n g  f u n c t i o n  g r e p r e s e n t s  p e r i o d i c  h a r v e s t i n g .  F o r  chambers  
h o l d i n g  p l a n t s  t h a t  a r e  less t h a n  40 days  o l d ,  t h e  i n e d i b l e  f r a c t i o n  
uses a l l  of t h e  n u t r i e n t  flow: 
2 
3 
' i n e d i b l e  = q i n  ( 4 .5 )  
The t h i r d  s t a t e  v a r i a b l e  a s s o c i a t e d  w i t h  e a c h  chamber r e p r e s e n t s  
t h e  i n e r t  mass. T h i s  is t h e  accumula t ion  of unprocessed  waste i n  t h e  
p l a n t  chambers  due  t o  t h e  b y p a s s  flow. Its s t a t e  e q u a t i o n  is: 
t )  - i n e r t  - q i n  + g ~ ( ~ i n e r t 9  X ( 4 .6 )  
where  q is  t h e  bypass  flow sent to  t h e  chamber. Since t h e  i n e r t  mass 
a f f ec t s  e d i b l e  growth a s  an accumulated q u a n t i t y  (see F i g u r e  24, bo t -  
tom), it is  most advan tageous  t o  d i v i d e  t h e  b y p a s s  flow e v e n l y  between 
a l l  p l a n t  chambers. The f u n c t i o n  g4 r e p r e s e n t s  p e r i o d i c  h a r v e s t i n g .  
i n  
The t o t a l  number of s t a t e  v a r i a b l e s  depends  on t h e  number of p l a n t  
chambers .  When t h r e e  are used ,  t h e r e  a r e  9 mass s t o r a g e  v a r i a b l e s  ( 1  
e d i b l e ,  3 i n e d i b l e ,  3 i n e r t ,  1 food s t o r a g e ,  1 waste s t o r a g e ) .  Fo r  t h e  
six-chamber model t h e r e  are 16 (2 e d i b l e ,  6 i n e d i b l e ,  6 i n e r t ,  1 food  
s t o r a g e . ,  1 w a s t e  s t o r a g e ) .  The twelve-chamber model h a s  30 (4 e d i b l e ,  
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1 2  i n e d i b l e ,  12 i n e r t ,  1 food  s t o r a g e ,  1 waste s t o r a g e ) .  S i n c e  t h e  sys -  
tem h a s  c o n s t a n t  mass, o n l y  n-1 of t h e  n mass s t o r a g e  v a r i a b l e s  c a n  b e  
i n d e p e n d e n t l y  s e l e c t e d .  These  a r e  t h e  s t a t e  v a r i a b l e s .  The e x p l i c i t  
time dependence of t h e  h a r v e s t  i n  t h e  con t inuous - t ime  sys t em a p p e a r s  as 
a n  added s t a t e  v a r i a b l e ,  c r e a t i n g  an "augmented s t a t e  space"  1173. T h i s  
augmented s t a t e  v e c t o r  has d imens ion  n. 
The h a r v e s t i n g  time i n t e r v a l  depends  on t h e  number of p l a n t  
chambers .  W i t h  three t h e  i n t e r v a l  is 20 days ;  w i t h  s i x  it is 10 d a y s ;  
and w i t h  twe lve  it is 5 days.  The h a r v e s t  l o o k s  l i k e  a p e r i o d i c  d e l t a  
f u n c t i o n .  
By sampl ing  t h e  con t inuous - t ime  sys t em s t a t e  a t  t h e  h a r v e s t i n g  fre- 
quency ,  a r e t u r n  map ( P o i n c a r e  s u r f a c e  of s e c t i o n )  can  be made [ lo ] .  
T h i s  map is  a discrete-time sys t em where t h e  time d e p e n d e n c i e s  of t h e  
f o r c i n g  f u n c t i o n s  are  now i m p l i c i t l y  i n c l u d e d  i n  t h e  f o r m u l a t i o n .  The 
sys t em ( e q u a t i o n  4 . 1 )  now a p p e a r s  as: 
(4.7) 
where k is t h e  time index  r e p r e s e n t i n g  s t e p s  of T u n i t s .  
The cont inuous- t ime sys tem f u n c t i o n  f is  now r e p l a c e d  w i t h  a n  
e q u i v a l e n t  f u n c t i o n  fd .  The key  d i f f e r e n c e  i n  t h e  two is 
i n  how d e l t a  f u n c t i o n s  are t r e a t e d .  I n  t h e  former case t h e y  a r e  
e v a l u a t e d  a t  t h e  a p p r o p r i a t e  time. However, w i t h  t h e  l a r g e r  time s t e p s  
of t h e  discrete-time s i m u l a t i o n ,  t h e  d e l t a  f u n c t i o n s  need t o  be approx i -  
mated. T h i s  i s  accompl ished  by  e v a l u a t i n g  them f i r s t  i n  t he  sequence  of 
c a l c u l a t i o n s  fo r  e a c h  time s t e p .  I n  t h i s  way t h e  discrete-time s imula-  
t i o n  g e n e r a t e s  t h e  same b e h a v i o r  as  t h e  c o n t i n u o u s  o n e  i n  mxit 
discrete-time 
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s i t u a t i o n s .  
One l i m i t a t i o n  w i t h  t h e  discrete-time c a l c u l a t i o n  is t h a t  it c a n n o t  
p r o p e r l y  s i m u l a t e  c o n t i n u o u s  phenomena as  obse rved  i n  t h e  b e h a v i o r  of 
t h e  sys t em d u r i n g  a component f a i l u r e  o r  t a n k  o v e r f l o w s  due  t o  con t inu -  
o u s  ( n o t  d e l t a  f u n c t i o n )  i n p u t s .  In t h e  examples  t h a t  follow, there a r e  
no  o c c u r r e n c e s  of such  o v e r f l o w s .  But when a component f a i l u r e  occurs, 
t h e  con t inuous - t ime  s i m u l a t i o n  must b e  used  t o  follow t h e  sys t em t r a j e c -  
t o r y .  The discrete-time s i m u l a t i o n  can  t h e n  be  used t o  examine t h e  sub- 
s e q u e n t  e v o l u t i o n  of t h e  sys tem once  t h e  component is r e p a i r e d .  Thus,  
t h e  s y s t e m ' s  a b i l i t y  t o  r e c o v e r  from random component f a i l u r e s  can  be 
i n v e s t i g a t e d  t h r o u g h  s i m u l a t i o n s  o f  random i n i t i a l  c o n d i t i o n s  u s i n g  t h e  
discrete-time c a l c u l a t i o n .  
4 . 3  E q u i l i b r i u m  Behav io r  - -  
The three CELSS models d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n s  were 
d e s i g n e d  w i t h  a s t e a d y  s t a t e  t h a t  p r o v i d e s  h a r v e s t s  e q u a l  t o  t h e  crew 
demand of one  u n i t / d a y .  The r e l a t i o n s h i p  between t h e  con t inuous - t ime  and 
d i s c r e t e - t i m e  s i m u l a t i o n s  of these models  can  be seen by examin ing  t h e  
sys t em b e h a v i o r  a t  t h i s  e q u i l i b r i u m .  The three- and six-chamber models 
a r e  demons t r a t ed  i n  t h i s  s e c t i o n .  S i m i l a r  b e h a v i o r  is obse rved  i n  t h e  
twelve-chamber model. 
F i g u r e  25 shows t h e  three-chamber model o p e r a t i n g  a t  s t e a d y  s t a t e .  
The c o n t i n u o u s  s i m u l a t i o n ' s  behavior '  is r e p r e s e n t e d  by t h e  p l o t t e d  l i n e  
and t h e  c i rc les  are t h e  o u t p u t  o f t h e  discrete s i m u l a t i o n .  F i g u r e  26 
shows t h e  e q u i v a l e n t  s t e a d y  s t a t e  for t h e  six-chamber sys tem.  
Each h a r v e s t  c a u s e s  a v e r t i c a l  jump i n  t h e  s t o r a g e  c u r v e s  w h i l e  
I 
72 
. I I I I 
0 20 40 60 80 100 
T i m e  <days> 
40 1 
tl 
8 -  
+ I I I I 
0 20 40 60 00 100 
Ttme (days> 
! 
5 8 -  - I I I I 
0 20 40 60 80 1 00 
Time (days> 
Figure 25: Continuous- and Discrete-Time Equilibrium; 
T h r ee - C h amber Mo de 1 
73 







0 -  
I I I I 
0 28 40 60 80 100 









v )  
0 
8 
= 0  
0 20 40 60 80 100 
f l m e  <days> 
Figure 26: Continuous- and  Discrete-Time Equil i bri urn; 
S i  x-Chamber Hodel 
74 
c o n t i n u o u s  o u t p u t  flows c a u s e  smooth downward s l o p e s .  T h i s  sawtooth p a t -  
tern i n d i c a t e s  t h a t  t h e  c o n t i n u o u s  s i m u l a t i o n ' s  e q u i l i b r i u m  s t a t e  is n o t  
a p o i n t  b u t  a c y c l e .  The d i s c r e t e  s i m u l a t i o n  h a s  a time s t e p  e q u a l  t o  
t h e  h a r v e s t  i n t e r v a l  so its o u t p u t  does n o t  show t h i s  c y c l i c a l  b e h a v i o r .  
Its s t e a d y  s t a t e  is an e q u i l i b r i u m  p o i n t .  The s t a b i l i t y  of t h i s  s t e a d y  
s t a t e  w i l l  be  examined i n  t h e  n e x t  c h a p t e r .  
I n  these examples ,  t h e  food and w a s t e  t a n k s  a r e  neve r  empty. T h i s  
b u f f e r  l e v e l  is l a r g e  enough t o  m a i n t a i n  t h e  o u t p u t  flows for 10 days .  
T h i s  buffer level  can  be set  wherever  desired. However, t h e  s u r v i v a b i l -  
i t y  of t h e  system t o  s u r v i v e  f a i l u r e s  depends  a g r e a t  d e a l  on t h e  s i z e  
and l o c a t i o n  o f  these b u f f e r s .  
The system mass and s i z e  of t h e  s t o r a g e  t a n k s  needed depend on t h e  
number of p l a n t  chambers  t h e  model h a s .  Both t h e  three- and six-chamber 
models  have  food and w a s t e  b u f f e r s  of 10 and 30, r e s p e c t i v e l y .  However, 
t h e  mass t i e d  up i n  t h e  p l a n t  chambers is n o t  t h e  same. The three- 
chamber model has  96 mass u n i t s  i n  i t s  p l a n t  chambers  a t  s t e a d y  s t a t e  
whi le  t h e  six-chamber model h a s  81 u n i t s .  F u r t h e r ,  t h e  three-chamber 
m o d e l ' s  l a r g e r  h a r v e s t  mass (20 d a y s  of food and i n e d i b l e  w a s t e )  
r e q u i r e s  l a r g e r  food and w a s t e  t a n k s  t h a n  t h e  six-chamber model does. 
With these s t a t i c  c o n s i d e r a t i o n s ,  t h e  l i g h t e r  and smaller six-chamber 
sys t em would appear  t o  b e  a better c h o i c e .  However, i n  t h e  n e x t  c h a p t e r  
t h e  dynamic behavior  of t h e  two models is  compared and t h e  s u p e r i o r i t y  
of t h e  six-chamber sys t em is n o t  a s  obv ious .  
4.4 5 P r o c e s s o r  F a i l u r e  and t h e  Need F o r  C o n t r o l  - ----
Some of the sys tem dynamics can  be s e e n  when a waste p r o c e s s o r  
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f a i l u r e  is c o n s i d e r e d .  I n  t h i s  example,  t h e  s u p p l y  of w a t e r  and 
n u t r i e n t s  t o  t h e  p l a n t s  is s topped  from t h e  f i f t h  t o  t h e  f i f t e e n t h  day.  
Dur ing  t h i s  10-day f a i l u r e  the  o u t p u t  of t h e  waste s t o r a g e  is set t o  
z e r o  t o  a v o i d  a bypass  of t he  p rocesso r .  From a s t a t i c  d e s i g n  v i e w p o i n t  
t h e  s t e a d y  s t a t e  c o n t a i n s  enough food and w a s t e  i n  t h e i r  r e s p e c t i v e  
b u f f e r s  t o  r i d e  o u t  t h e  10-day p rocesso r  f a i l u r e .  C o n t r o l  is  e x e r t e d  on 
t h e  sys t em t h r o u g h  a d j u s t m e n t s  of t h e  o u t p u t  flow of t h e  was te  s t o r a g e .  
A l l  s t o r a g e  t a n k s  are l a r g e  enough t o  p r e v e n t  o v e r f l o w s .  
One s t r a t e g y  i s  t o  m a i n t a i n  t h e  w a s t e  s t o r a g e  o u t p u t  f l o w  a t  i ts  
s t e a d y  s t a t e  v a l u e .  Using t h e  cont inuous- t ime s i m u l a t i o n ,  t h e  effects  of 
t h i s  no-cont ro l  s t r a t e g y  on a 10-day f a i l u r e  are shown i n  F i g u r e  27 fo r  
t h e  three-chamber model and i n  F i g u r e  28 f o r  t h e  six-chamber model. The 
sys t em r e t u r n s  t o  an e q u i l i b r i u m  in  60 days.  T h i s  is n o t  t h e  o r i g i n a l  
s t e a d y  s t a t e ,  however. The food buffer of 10 u n i t s  is  gone and t h e  waste 
b u f f e r  has i n c r e a s e d  from 30 u n i t s  t o  40. T h i s  t r a n s f e r  of mass l e a v e s  
t h e  sys t em i n  a c o n f i g u r a t i o n  tha t  would be d i s a s t r o u s  i f  a n o t h e r  pro- 
cessor f a i l u r e  o c c u r r e d .  
I n  a d d i t i o n  t o  moving t o  a new s t e a d y  s t a t e ,  t h e  three-chamber 
model n e e d s  a w a s t e  s t o r a g e  c a p a c i t y  of a t  l e a s t  93 u n i t s  t o  absorb t h e  
t r a n s i e n t  w i t h o u t  c a u s i n g  an  over f low.  For  t h e  six-chamber model a waste 
c a p a c i t y  of 74.25 is needed.  T h i s  dynamic b e h a v i o r  could n o t  be 
p r e d i c t e d  from t h e  s t a t i c  d e s i g n .  
To r e t u r n  t h e  sys tem t o  i ts  o r i g i n a l  s t e a d y  s t a t e  w i t h  10 day 
b u f f e r s ,  some sor t  o f  c o n t r o l  a c t i o n  is needed.  F i g u r e  29 shows a feed- 
back c o n t r o l  t h a t  a d j u s t s  t h e  n u t r i e n t  flow t o  t h e  p l a n t  chamber, If t h e  
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Six-Chamber Model (Continuous-Time) 
78 












i n  t u r n  i n c r e a s e s  p l a n t  growth. The g a i n  a d j u s t s  t h e  magnitv,de o f  t h e  
change i n  n u t r i e n t  flow r e l a t i v e  t o  t h e  h a r v e s t  error. The feedforward 
o f  t h e  set p o i n t  a v o i d s  o f f s e t  e r r o r s  i n  t h e  c o n t r o l .  
The feedback c o n t r o l l e r  is expressed ma themat i ca l ly  as: 
[I + k(1 - y/yset)I  s t e a d y  u = u  (4.8) 
where u is  t h e  n u t r i e n t  flow t o  t h e  p l a n t s  and y i s  t h e  e d i b l e  h a r v e s t .  
i s  t h e  s t e a d y  s t a t e  n u t r i e n t  f low, The p r o p o r t i o n a l  g a i n  is k, u 
and yset i s  t h e  desired ed ib l e  ha rves t  mass. A t  each h a r v e s t  t h e  con- 
t ro l l e r  calculates  t h e  n u t r i e n t  f low which is t h e n  maintained u n t i l  t h e  
n e x t  h a r v e s t .  Thus, t h i s  is a d i s c r e t e - t i m e  c o n t r o l l e r .  If t h e  c o n t r o l  
f u n c t i o n  r e s u l t s  i n  a n u t r i e n t  flow l a r g e  enough t o  harm t h e  p l a n t s ,  t h e  
c o n t r o l l e r  a p p l i e s  t h e  flow t h a t  is a t  t h e  maximum p o i n t  of t h e  growth 
c u r v e  (see F i g u r e  24, center). 
s t e a d y  
T h i s  c o n t r o l l e r  is a p p l i e d  to  t h e  p rocesso r  f a i l  example. With  a 
g a i n  k = 1 t h e  sys t em behavior  can be seen i n  F i g u r e s  30 and 31, f o r  t h e  
three- and six-.chamber models, r e s p e c t i v e l y .  The food and waste bu f fe r s  
a r e  recovered a f te r  t h e  f a i l u r e ,  however, t h e  r ecove ry  time i s  between 
100 and 120 days. Such a long  delay a f t e r  a f a i l u r e  is due t o  t h e  system 
dynamics. Even though t h e  longes t  time c o n s t a n t  i n  t h e  model is t h e  
p l a n t s '  60-day growth time, t h e  system shows evidence o f  t h e  d i s t u r b a n c e  
for much l o n g e r  per iods.  A s  was t h e  c a s e  w i t h  t h e  no-control example 
( F i g u r e s  27 and 281, l a r g e r  s t o r a g e  t a n k s  a r e  needed t o  avoid ove r f lows  
than  is i n d i c a t e d  by a s t a t i c  design. 
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5 DOMAIN OF ATTRACTION I N  CELSS ANALYSIS 
The methods o f  s y s t e m  a n a l y s i s  u s i n g  t h e  domain of a t t r a c t i o n  
p r e s e n t e d  i n  C h a p t e r s  2 and 3 are  p a r t i c u l a r l y  s u i t e d  t o  i n v e s t i g a t i n g  
many a s p e c t s  o f  t h e  CELSS models. T h e i r  h i g h  d i m e n s i o n a l i t y  and non- 
l i n e a r  s t a t e  e q u a t i o n s  make them d i f f i c u l t  t o  a n a l y z e  by a n y  o t h e r  t ech -  
n ique .  The goa l  i s  t o  i n v e s t i g a t e  t h e  dynamic consequences  of a change  
i n  t h e  was te  s t o r a g e  c a p a c i t y  and t h e  t o t a l  sys t em mass, a s  w e l l  as how 
i n f o r m a t i o n  is used  by t h e  c o n t r o l l e r .  
A random component f a i l u r e  is s i m u l a t e d  a s  a random i n i t i a l  condi -  
t i o n .  The size and shape  of t h e  r e g i o n  of i n i t i a l  c o n d i t i o n s  t h a t  a r e  
a t t rac ted  t o  t h e  s p e c i f i e d  o p e r a t i n g  p o i n t  i n d i c a t e  t h e  s y s t e m ' s  a b i l i t y  
t o  r e c o v e r  from random f a i l u r e s .  
Three-, s ix- ,  and twelve-chamber models a r e  c o n s i d e r e d .  The w a s t e  
p r o c e s s o r  c a p a c i t y  is 4.5 u n i t s / d a y .  Waste flows e x c e e d i n g  t h i s  amount 
are  bypassed .  
- -  5.1 Uniformit)! of Sample P o i n t s  
S i n c e  the sys t em h a s  c o n s t a n t  mass ,  t h e  s t a t e  s p a c e  is bounded. 
T h e r e f o r e ,  not o n l y  can  t h e  e n t i r e  s t a t e  s p a c e  be sampled i n  t h e  selec- 
t i o n  of i n i t i a l  c o n d i t i o n s ,  it is a l so  p o s s i b l e  t o  f i n d  a l l  a t t r ac to r s  
i n  t h e  system. The c o n s t a n t  mass c o n s t r a i n t ,  however ,  makes it imposs i -  
b l e  t o  g e t  a un i form d i s t r i b u t i o n  of i n i t i a l  c o n d i t i o n s .  
Cons ider  a system w i t h  n mass s t o r a g e  v a r i a b l e s :  x1 t h r o u g h  xn. 
S i n c e  t h e  system h a s  c o n s t a n t  mass ,  o n l y  n-1 of these a r e  needed t o  
describe t h e  s ta te .  Therefore, it is p o s s i b l e  t o  randomly select  t h e  
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c 
first  n-1 mass v a r i a b l e s ,  b u t  t h i s  f i x e s  t h e  v a l u e  of x Given t h e  
s y s t e m ' s  mass ,  it is  p o s s i b l e  t o  set bounds on t h e  n s t a t e  v a r i a b l e s :  
n' 
1,2, ... n (5.1) 
where  Mi i s  t h e  maximum v a l u e  for  xi. The Mi may be s i m p l y  set  t o  t h e  
t o t a l  mass or more r e f i n e d  c a l c u l a t i o n s  can  be done t o  s e t  each  v a r i -  
ables '  maximum. 
The set  of i n i t i a l  c o n d i t i o n s  used  i n  t h e  domain of a t t r a c t i o n  pro- 
c e d u r e  a r e  found as follows. The v a r i a b l e s  x1 t h r o u g h  x a r e  set a s  
random v a r i a t e s  u n i f o r m l y  d i s t r i b u t e d  o v e r  t h e i r  r e s p e c t i v e  r a n g e s .  The 
f i n a l  s t a t e  v a r i a b l e  i s  found by s u b t r a c t i n g  t h e  sum of t h e  n-1 v a r i -  
a b l e s  from t h e  t o t a l  mass. If x is w i t h i n  i ts  l i m i t s ,  t h e  n s t a t e  v a r i -  
ables  a r e  a c c e p t e d  a s  members of t h e  set. If  t h e  l a s t  v a r i a b l e  is o u t  of 
i t s  r a n g e ,  t h e  e n t i r e  c o l l e c t i o n  of n v a r i a b l e s  i s  d i s c a r d e d .  T h i s  pro- 




The mass c o n s t r a i n t  forces t h e  admissible i n i t i a l  c o n d i t i o n s  i n t o  
nonuniform d i s t r i b u t i o n s .  F i g u r e  32 shows h i s t o g r a m s  of t h e  m a r g i n a l  
d i s t r i b u t i o n  of t h e  e d i b l e  and waste  s t o r a g e  i n i t i a l  c o n d i t i o n s  for  t h e  
three-chamber model. The six-chamber model is shown i n  F i g u r e  33.  The 
o t h e r  s t a t e  v a r i a b l e s  have  s i m i l a r  d i s t r i b u t i o n s .  Few l a r g e  v a l u e s  a r e  
p r e s e n t  because  once  a l a r g e  va lue  i s  selected t h e r e  is  a h i g h  p r o b a b i l -  
i t y  t h a t  t h e  to t a l -mass  c o n s t r a i n t  w i l l  be  exceeded. 
Such nonuniform d i s t r i b u t i o n s  must  c o n s i d e r e d  i n  d e t e r m i n i n g  t h e  
domain of a t t r a c t i o n ' s  volume and minimum r a d i u s .  C l e a r l y ,  t h e  f r a c t i o n  
of i n i t i a l  c o n d i t i o n s  i n  t h e  domain is not p r o p o r t i o n a l  t o  t h e  domain ' s  
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volume. However, i f  t h e  s t a t e  s p a c e  is  d i v i d e d  i n t o  m o d e r a t e l y  s i z e d ,  
i d e n t i c a l  cubes ( a c t u a l l y  t h e y  a r e  9-, 16-, o r  30-d imens iona l  h y p e r c u b e s  
i n  t h e s e  models ) ,  t h e  i n i t i a l  c o n d i t i o n s  can  b e  assumed t o  b e  u n i f o r m l y  
d i s t r i b u t e d  i n  each .  The number o f  p o i n t s  i n  e a c h  c u b e  g i v e s  t h e  l o c a l  
d e n s i t y .  T h e r e f o r e ,  t h e  volume of t h e  domain of a t t r a c t i o n  is: 
(5.2) 
where  (N ) .  is t h e  number of p a s s  p o i n t s  and d i  is  t h e  l o c a l  d e n s i t y  
p o i n t s  i n  cube i. The number o f  c u b e s  i n  t h e  s t a t e  s p a c e  is K. 
of 
P I  
E s t i m a t i n g  t h e  domain ' s  boundary  r e q u i r e s  knowledge a b o u t  t h e  l oca l  
p o i n t  spac ing .  Its e x p e c t e d  v a l u e  is d e t e r m i n e d  by  t a k i n g  t h e  nth root 
of l o c a l  volume p e r  p o i n t  fo r  an n-d imens iona l  s t a t e  s p a c e .  The minimum 
r a d i u s  i s  t h e  d i s t a n c e  t o  t h e  n e a r e s t  f a i l  p o i n t  minus t h e  l o c a l  p o i n t  
s p a c i n g .  
The s t a t e  s p a c e ,  w h i l e  bounded,  is  v e r y  l a r g e  for  t h e s e  two models .  
The three-chamber model h a s  a 9-d imens iona l  s t a t e  s p a c e  w i t h  a volume o f  
8 . 9 ~ 1 0 ~ ~ .  A 10,000 p o i n t  sample  of i n i t i a l  c o n d i t i o n s  would have  an  
a v e r a g e  s p a c i n g  of 16.4. The s ix-chamber model h a s  a 16-d imens iona l  
volume of 3 . 0 ~ 1 0 ~ ~ ;  i t s  a v e r a g e  p o i n t  s p a c i n g  for 10 ,000  p o i n t s  i s  10.7. 
The 30-dimension twelve-chamber model h a s  a volume of 8 . 0 ~ 1 0  w i t h  an  
a v e r a g e  spac ing  of 5.8 f o r  a 10,000 p o i n t  sample .  As shown i n  t h e  d i s -  
t r i b u t i o n s  of F i g u r e s  32 and 33, t h e  l o c a l  d e n s i t y  and p o i n t  s p a c i n g  can  
b e  e x p e c t e d  t o  v a r y  c o n s i d e r a b l y  t h r o u g h o u t  t h e  s t a t e  s p a c e .  
26  
5.2 Sys t em Behavior  and S t o r a g e  C a p a c i t y  - -  -
The CELSS model b e h a v i o r  is s t r o n g l y  dependen t  on t h e  s e l e c t i c n  of 
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s t o r a g e  t a n k  c a p a c i t i e s .  Here, v a r i a t i o n s  of t h e  kaste t a n k  c a p a c i t y  a r e  
considered. S i m u l a t i o n s  a r e  made t o  d e l i n e a t e  t h e  domain of a t t r a c t i o n  
u s i n g  a random s e l e c t i o n  of 10,000 i n i t i a l  conditions. These i n i t i a l  
c o n d i t i o n s  a r e  viewed a s  t h e  po in t  t h e  sys tem a r r i v e d  a t  a f t e r  a random 
component f a i l u r e .  It is assumed t h a t  t h e  component h a s  been f i x e d  so 
t h e  subsequen t  model e v o l u t i o n  can be followed w i t h  t h e  discrete-time 
s i m u l a t i o n .  P r o p o r t i o n a l  c o n t r o l  with g a i n  k = 1 i s  used i n  t h e  examples 
t h a t  follow (see F i g u r e  29) .  System mass is se t  so t h e r e  is enough f o r  
10-day was te  and food b u f f e r s .  
When t h e  three-chamber model is used w i t h  was te  s t o r a g e  c a p a c i t y  
l a r g e r  t h a n  82.4, a l l  10,000 i n i t i a l  condi t ions a r e  a t t r a c t e d  t o  t h e  
e q u i l i b r i u m  p o i n t  t h a t  g e n e r a t e s  food a t  t h e  ra te  t h e  crew consumes it 
(see F i g u r e  25) .  T h i s  s t e a d y  s t a t e  i s  therefore g l o b a l l y  a t t r a c t i n g  and 
stable.  It shou ld  be  noted  t h a t  t h i s  a t t r a c t o r  is an e q u i l i b r i u m  p o i n t  
o n l y  i n  t h e  discrete-time simulation used h e r e .  I n  a cont inuous- t ime 
s i m u l a t i o n  it would be a s t a b l e  l i m i t  c y c l e .  Such a s t e a d y  s t a t e  is 
c a l l e d  t h e  p a s s  s teady  s t a t e  o r  t h e  p a s s  e q u i l i b r i u m  p o i n t  because  a 
CELSS o p e r a t i n g  a t  t h i s  p o i n t  meets i ts  crew's food and env i ronmen ta l  
needs  . 
When t h e  waste s t o r a g e  t a n k  is s m a l l e r  t h a n  70, a l l  10,000 i n i t i a l  
c o n d i t i o n s  a r e  a t t r a c t e d  t o  equ i l ib r ium p o i n t s  t h a t  have e d i b l e  h a r v e s t s  
of zero. Each v a l u e  for  t h e  waste c a p a c i t y  h a s  a c o r r e s p o n d i n g ,  un ique  
e q u i l i b r i u m  t h a t  is  g l o b a l l y  a t t r a c t i n g .  A l l  of these p o i n t s  a re  ca l led  
f a i l  p o i n t s .  
I n  t h e  intermediate r ange  of s t o r a g e  sizes, from 70 t o  82.4, both a 
p a s s  and a f a i l  e q u i l i b r i u m  po in t  c o e x i s t .  The f r a c t i o n  of t h e  s t a t e  
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s p a c e  a t t r a c t e d  by each  i s  shown i n  F i g u r e  34. These volume f r a c t i o n s  
have  e r r o r s  o f  20.005. A s  t h e  t a n k  s ize  i n c r e a s e s ,  t h e  r e g i o n  a t t r a c t e d  
by t h e  f a i l  equ i l ib r ium s h r i n k s  w h i l e  t h a t  of t h e  p a s s  i n c r e a s e s .  For 
waste c a p a c i t i e s  below 70 t h e  p a s s  p o i n t  is u n s t a b l e  and ,  f o r  s t o r a g e s  
l a r g e r  t han  82.4, t h e  f a i l  p o i n t  is u n s t a b l e .  Thus, t h e r e  i s  a 5ifcrca- 
t i o n  and r eve r se  b i f u r c a t i o n  i n  t h e  s t a b l e  p o i n t s  a s  t h e  was te  c a p a c i t y  
i s  increased. There a r e  no o t h e r  a t t r a c t o r s  i n  t h e  three-chamber system. 
One p o s s i b l e  des ign  g o a l  is t o  maximize t h e  domain o f  a t t r a c t i o n  
abou t  t h e  p a s s  e q u i l i b r i u m .  If  t h i s  domain covers t h e  en t i re  s t a t e  s p a c e  
t h e n  t h e  system is able  t o  r e c o v e r  from a l l  p e r t u r b a t i o n s .  However, it 
is  d e s i r a b l e  to  have a system w i t h  small s t o r a g e  t a n k s  and mass. F i g u r e  
34 i n d i c a t e s  t h a t  a l l  i n i t i a l  cond i t ions  a r e  a t t r a c t e d  when t h e  was te  
c a p a c i t y  i s  82.4. A t y p i c a l ,  cont inuous- t ime t r a j e c t o r y  f o r  t h i s  sys tem 
is shown i n  F igure  35. h e r e  it can be seen t h e r e  a r e  no ed ib l e  h a r v e s t s  
for 100 days.  F u r t h e r ,  i t  t a k e s  t h e  system 240 days  t o  r e t u r n  t o  t h e  
s t e a d y  s t a t e .  This t r a j e c t o r y  i s  s t a b l e ,  b u t  i t  i s  not s u r v i v a b l e .  
A performance c r i t e r i a  can  be e s t a b l i s h e d  such  t h a t  a l l  p a s s  i n i -  
t i a l  c o n d i t i o n s  must s e t t l e  t o  t h e  p a s s  e q u i l i b r i u m  p o i n t  i n  t - < 300 
days .  F i g u r e  36 compares t h e  volume o f  t h i s  performance domain w i t h  t h e  
domain o f  a t t r a c t i o n .  To meet t h e  performance l i m i t  over t h e  en t i r e  
s t a t e  s p a c e ,  a was te  s t o r a g e  c a p a c i t y  of 83 i s  needed .  The minimum 
r a d i u s  a s  a func t ion  o f  waste s t o r a g e  s i z e  for  t h e  two domains i s  i d e n t -  
i c a l  (see Figure  3 7 ) .  Thus, t h e  e x t r a  volume i n  t h e  s t a b l e  r e g i o n  
a p p e a r s  t o  be f a r  from t h e  e q u i l i b r i u m .  Other  performance c r i t e r i a  could  
be used such  as a l i m i t e d  time w i t h o u t  food ,  e tc .  
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t o t a l  system mass. For in-stance,  i f  a 5-day buf fer  
and waste t a n k s ,  t he  t o t a l  three-chamber system mass 
The domain s izes  f o r  t h e  p a s s  and f a i l  e q u i l i b r i a  
is used i n  t h e  food 
is reduced t o  116. 
are  shown i n  F i g u r e  
38. As w i t h  t h e  10-day buffer example ( F i g u r e  341, t h e r e  is a b i f u r c a -  
t i o n  p a t t e r n  between t h e  p a s s  and f a i l  a t t r a c t o r s .  However, t h e  p a s s  
e q u i l i b r i u m  is  g l o b a l l y  a t t r a c t i n g  f o r  waste  c a p a c i t i e s  above 73. 
T h e r e f o r e ,  i n  a d d i t i o n  t o  reducing system mass by 20, t h e  waste  s t o r a g e  
can be  made 9.6 u n i t s  smaller without  changing t h e  s y s t e m ' s  s t a b i l i t y .  
Sma l l e r  b u f f e r s ,  however, cause there t o  be  longer t r a n s i e n t s  when food 
is not a v a i l a b l e .  
The six-chamber model has  a l l  o f  t h e  same dependencies  on s t o r a g e  
c a p a c i t i e s  and system mass a s  t h e  three-chamber model. However, it h a s  a 
more complicated b i f u r c a t i o n  p a t t e r n  as  w e l l  a s  a t t r a c t o r s  t h a t  are not 
e q u i l i b r i u m  p o i n t s .  
F i g u r e  39 shows the  percent of t h e  s t a t e  space  a t t r a c t e d  t o  t h e  
p a s s  and f a i l  e q u i l i b r i u m  po in t s .  The p a s s  s t e a d y  s t a t e  a t t r a c t s  t h e  
e n t i r e  space  for waste c a p a c i t i e s  l a r g e r  t han  54. The f a i l  e q u i l i b r i u m  
is g l o b a l l y  a t t r a c t i n g  for s t o r a g e s  s m a l l e r  t h a n  43.2. While t h e  waste 
c a p a c i t y  needed f o r  t h e  p a s s  domain t o  cover  t h e  ent i re  space  is s m a l l e r  
t han  t h a t  needed i n  t h e  three-chamber model, many o f  t h e  i n i t i a l  condi- 
t i o n s  s t i l l  t a k e  a long  time to  s e t t l e .  T h i s  is shown i n  F i g u r e  40 where 
t h e  performance domain has a s e t t l i n g  time l i m i t  o f  300 days.  
I n  t h e  i n t e r m e d i a t e  range of waste s t o r a g e  c a p a c i t y ,  t h e  e q u i l i -  
b r ium p o i n t s  go through a s e r i e s  of b i f u r c a t i o n s  t h a t  c r e a t e  higher-  
dimensional  a t t r a c t o r s .  The motion on these a t t r a c t o r s  is  bounded and 
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Six-Chamber Model ( Discrete-Time) 
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a f t e r  an i n i t i a l  t r a n s i e n t ,  becomes per iodic .  This f i g u r e  shows t h e  
output  of  a discrete-time s imula t ion  where t h e  output  samples have been 
connected t o  form t h e  t r a j e c t o r y .  Thus ,  t h e  e d i b l e  ha rves t  p l o t  shows 
ha rves t  l e v e l s  o s c i l l a t i n g  i n  a r epea t ing  p a t t e r n .  T h i s  l i m i t  cycle 
behavior is global ly  a t t r a c t i n g  f o r  a waste capac i ty  o f  46. 
When t h e  waste s to rage  capac i ty  is 53.4, two-thirds o f  t h e  i n i t i a l  
condi t ions  a re  a t t r a c t e d  t o  t h e  discrete-time t r a j e c t o r y  shown i n  Figure 
42. T h i s  motion is  called chaot ic .  It i s  cha rac t e r i zed  by t r a j e c t o r i e s  
t h a t  neve r  repea t ,  a continuous spectrum, and a Lyapunov exponent 
g r e a t e r  than zero 1101. The f i rs t  Lyapunov exponent was found t o  be 0.3. 
The c h a o t i c  motion t akes  p lace  on what is c a l l e d  a "s t range  a t t r a c t o r t t  
[143. 
While it is d e s i r a b l e  to  use t h e  sma l l e s t  waste capac i ty  poss ib l e ,  
it is  not  Qcceptable t o  go i n t o  t h i s  region of higher-dimension a t t r a c -  
t o r s .  The l i m i t  cyc le  and chao t i c  motion shown i n  F igures  41 and 42 a r e  
no t  surv ivable  because there a r e  long periods w i t h  no edib le  harves t  and 
no food i n  the s torage .  No s t a b l e  a t t r a c t o r s  capable  of providing a con- 
t inuous  food supply were found i n  t h e  six-chamber model, o the r  than t h e  
pass  equilibrium poin t .  
I n  a twelve-chamber model, l i m i t  cyc le  behaviors  can be found t h a t  
meet t h e  crew's needs .  This system has a pass  equi l ibr ium po in t  t h a t  
provides  harves ts  of 5 u n i t s  every 5 days. The t o t a l  mass w i t h  10-day 
food and waste b u f f e r s  is  113.5. There a r e  30 s t a t e  v a r i a b l e s  i n  t h i s  
model. Figure 43 shows t h e  f r a c t i o n  of  t h e  s t a t e  space a t t r a c t e d  t o  t h e  
equi l ibr ium points  and higher-dimension a t t r a c t o r s .  A waste capac i ty  o f  
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s e t t l i n g  time may be  long  for Fame o f  t h e  i n i t i a l  conditions. 
A was te  c a p a c i t y  of 37.3 gives  a g l o b a l l y  a t t r a c t i n g  cycle (see 
F i g u r e  4 4 ) .  There is always a 1 u n i t  p e r  day f low of food t o  t h e  crew 
making t h i s  c y c l e  s u r v i v a b l e .  F u r t h e r ,  it a t t r a c t s  t h e  e n t i r e  s t a t e  
s p a c e  w i t h  a waste  c a p a c i t y  .smaller t h a n  t h a t  which would suppor t  a p a s s  
e q u i l i b r i u m  p o i n t .  O r d i n a r i l y ,  c y c l e s  a r e  eng inee red  o u t  o f  sys t ems  
because t h e y  wear o u t  components. However, b i o l o g i c a l  systems are no t  
h u r t  by c o n s t a n t  o s c i l l a t i o n ;  i n  f a c t  t h i s  behav io r  may b e  more n a t u r a l .  
Another b e n e f i t  is t h a t  r e p a i r s  and maintenance can be  performed w i t h o u t  
d i s t u r b i n g  t h e  sys t em e v e r y  110 days a s  t h e  low p o i n t  i n  t h e  f low goes 
th rough  t h e  component. 
This c y c l e  is a p e r i o d i c .  It has "envelope1' and "carrier" frequen- 
cies t h a t  do not have a common d i v i s o r .  The a t t r a c t o r  c r e a t i n g  t h i s  t y p e  
of t r a j e c t o r y  can be p i c t u r e d  a s  motion on a t o r u s  [ lo ] .  However, f o r  
t h e  pu rposes  of i n s u r i n g  t h a t  t h e  crew's needs a r e  met, t h e  a p e r i o d i c  
component o f  t h i s  motion is n o t  s i g n i f i c a n t .  
The twelve-chamber model a l s o  h a s  c h a o t i c  motion. F i g u r e  45 shows 
t h e  motion ( d i s c r e t e - t i m e  s imula t ion )  on a s t r a n g e  a t t r a c t o r  t h a t  is 
g l o b a l l y  a t t r a c t i n g  a t  a waste c a p a c i t y  of 37.6. While there a r e  long  
p e r i o d s  where t h e  crew's food needs are  met, such o c c u r r e n c e s  a r e  d i f f i -  
c u l t  t o  p r e d i c t .  I t  should be noted, however, t h a t  there may be  s t r a n g e  
a t t r a c t o r s  t h a t  can i n s u r e  the needed food flow. These would be as  
a c c e p t a b l e ,  from a s u r v i v a l  p o i n t  o f  view, as t h e  c y c l e  shown i n  F i g u r e  
44. To demonstrate  t h e  complexity i n h e r e n t  i n  a c h a o t i c  t r a j e c t o r y ,  Fig- 
ure 4 6  shows t h e  e d i b l e  h a r v e s t s  f o r  13.7 y e a r s .  
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I n  summary, changes i.n waste s t o r a g e  c a p a c i t y  and t h e  number of 
p l a n t  chambers s i g n i f i c a n t l y  al ters t h e  s y s t e m ' s  behav io r .  A l l  three 
models show a p a t t e r n  of b i f u r c a t i o n  and r e v e r s e  b i f u r c a t i o n  as  t h e  
waste c a p a c i t y  is i n c r e a s e d .  The three-chamber model has o n l y  t w o  
e q u i l i b r i u m  p o i n t s  w h i l e  t h e  s i x -  and twelve-chamber models have two 
e q u i l i b r i u m  p o i n t s  and a c o l l e c t i o n  of higher-dimension a t t r a c t o r s .  A s  
t h e  waste  c a p a c i t y  is  reduced, the s e t t l i n g  time o f  t h e  p a s s  i n i t i a l  
c o n d i t i o n s  i n c r e a s e s .  I n  a d d i t i o n  t o  p e r m i t t i n g  t h e  use of s m a l l e r  
s t o r a g e  t a n k s ,  t h e  s i x -  and twelve-chamber models have o s c i l l a t i n g ,  
s table ,  g l o b a l l y  a t t r a c t i n g  t r a j e c t o r i e s .  These occur  a t  waste  capac i -  
t ies  s m a l l e r  t han  those t h a t  permit  s u r v i v i n g  e q u i l i b r i u m  p o i n t  
behav io r .  
5.3 I n f o r m a t i o n  Flow i n  a CELSS - -  
S i n c e  t h e  C E S S  system is a c l o s e d  c y c l e ,  it is n o t  a p p a r e n t  what 
piece of in fo rma t ion  w i l l  be most u s e f u l  t o  a c o n t r o l l e r .  To i n v e s t i -  
g a t e  t h e  e f f e c t i v e n e s s  o f  d i f f e r e n t  i n fo rma t ion  u s e ,  t h e  three-chamber 
model was chosen w i t h  a waste c a p a c i t y  of 82. The d e s i g n  g o a l  i s  t o  max- 
imize t h e  volume and t h e  m i n i m u m  r a d i u s  o f  t h e  domain o f  a t t r a c t i o n  of 
t h e  p a s s  e q u i l i b r i u m  p o i n t .  The domain is  d e l i n e a t e d  w i t h  10,000 i n i t i a l  
c o n d i t i o n s .  
In t h e  f i rs t  example, t h e  waste flow t o  t h e  p r o c e s s o r  i s  se t  a t  t h e  
s t e a d y  s t a t e  va lue  of 3 units /day.  T h i s  no-control s i t u a t i o n  i s  t h e  
e q u i v a l e n t  o f  an open-loop i n v e s t i g a t i o n  i n  t r a d i t i o n a l  p r o c e s s  control. 
The domain of a t t r a c t i o n  f o r  t h i s  case is 0.056 - + 0.005 of t h e  s t a t e  
s p a c e  volume. The minimum r a d i u s  is  1.5 - + 1.1. 
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A p r o p o r t i o n a l  c o n t r o l  is added t o  th. sys t em.  I ts  g e n e r a l  form is: 
(5.3) 
where u is the  waste flow t o  t h e  p r o c e s s o r ,  usteady i s  t h e  s t e a d y  s t a t e  
p rocesso r  flow, and k i s  t h e  p r o p o r t i o n a l  ga in .  The observed v a r i a b l e  
The q u a l i t y  of t h e  c o n t r o l  is  y and t h e  d e s i r e d  v a l u e  f o r  y i s  y 
depends on the  s e l e c t i o n  of t h e  s t a t e  v a r i a b l e  y t h a t  is used i n  t h e  
c o n t r o l l e r  feedback. 
se t '  
F i g u r e  47 shows some p o s s i b l e  p a t h s  for feedback i n f o r m a t i o n  flow 
i n  a CELSS. Three feedback c o n f i g u r a t i o n s  are  shown, f o r  which domain 
o f  a t t r a c t i o n  s i m u l a t i o n s  are  r e p e a t e d  wi th  100 p r o p o r t i o n a l  g a i n s  ran- 
domly selected from t h e  range: 
The g a i n  t h a t  p r o v i d e s  t h e  l a r g e s t  minimum r a d i u s  i s  t h e  c o n t r o l l e r  for 
t h a t  feedback s y s t e m  t h a t  can r ecove r  from t h e  l a r g e s t  se t  o f  random 
s t a t e  p e r t u r b a t i o n s .  
When t h e  waste f low is  set by comparing t h e  l e v e l  i n  t h e  was te  
s t o r a g e  w i t h  t h e  s t e a d y  s t a t e ,  t h e  l a r g e s t  domain of a t t r a c t i o n  volume 
is  0.099 2 0.005 of t h e  s t a t e  space  and i ts  minimum r a d i u s  i s  2.1 2 1.1. 
Its g a i n  i s  k = 0.51. It should be  noted t h a t  volume f r a c t i o n s  from 
0.050 t o  0.099 can be  o b t a i n e d  by u s i n g  g a i n s  i n  t h e  range from 0 t o  
1.5. A g a i n  of z e r o  i s  t h e  no-control s i t u a t i o n .  Using t h e  waste s t o r a g e  
l e v e l  a s  t h e  c o n t r o l  i n p u t  h a s  a marginal  e f f e c t  on t h e  system's a b i l i t y  
t o  r ecove r  from random f a i l u r e s .  
The presence o f  iner t  m a t t e r  i n  t h e  p l a n t  chamber r educes  e d i b l e  
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F i g u r e  47: I n f o r m a t i o n  Flow i n  a C E L S S  
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growth (see Figure 24). A c o n t r o l l e r  can compensate by increas ing  t h e  
n u t r i e n t  flow t o  t h e  p l a n t s ,  which inc reases  t h e  e d i b l e  f r a c t i o n .  
Searching range of ga ins  w i t h  t h i s  feedback design g ives  a maximum 
domain of a t t r a c t i o n  volume o f  0.180 2 0.005 of t h e  s t a t e  space.  The 
m i n i m u m  radius  i s  5.2 2 1.1. This  c o n t r o l  has  a l a r g e r  domain than t h e  
waste-feedback o r  no-control conf igura t ions .  Although t h e  gain f o r  t h i s  
domain is k = 1.4,  t h e r e  is a w i d e  range o f  ga ins  t h a t  g ive  comparable 
resul ts .  Volumes from 0.100 t o  0.180 a r e  achieved w i t h  any gain l a r g e r  
than k = 0.5. A s  t h e  gain g e t s  l a r g e r ,  t h e  c o n t r o l l e r  reaches i t s  max- 
i m u m  flow f o r  very small  i n e r t  masses. Such s a t u r a t i o n  i n d i c a t e s  t h a t  
most results above a c e r t a i n  gain w i l l  be i d e n t i c a l .  
t he  
The harvest  can a l s o  be used a s  i n p u t  t o  t h e  c o n t r o l l e r .  Although 
t h i s  conf igura t ion  is  l i k e  t h e  one used i n  t h e  waste capac i ty  inves t iga-  
t i o n  of t h e  p rev ious  s e c t i o n ,  here t h e  capac i ty  i s  f ixed  and t h e  c o n t r o l  
ga in  is  searched t o  f i n d  t h e  system t h a t  recovers  from t h e  l a r g e s t  set 
o f  random f a i l u r e s .  The l a r g e s t  domain o f  a t t r a c t i o n  was found f o r  t h e  
ga in  k = 1.2. The domain's volume is 0.585 2 0.005 of t h e  s t a t e  space 
and its m i n i m u m  r ad ius  is  18.3 2 1.1. The domain i s  r a t h e r  sensi t ive t o  
gain.  For gains from 1.0 t o  1.25 t h e  domain volume f r a c t i o n  is between 
0.500 and 0.585. However, t h e r e  is a sharp  drop i n  domain volume f o r  
ga ins  o u t s i d e  t h i s  range. 
G loba l .  system behavior was s l i g h t l y  improved over t h e  no-control 
s i t u a t i o n  by using t h e  waste s to rage  level  o r  iner t  mass a s  t h e  feedback 
information.  However, a l a r g e  increase  i n  t h e  domain of  a t t r a c t i o n  was 
obtained when harves t  information was used. T h i s  can be understood by 
redrawing t h e  CELSS- in  a more conventional process  c o n t r o l  configura- 
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t ion .  F i g u r e  48 shows t h e  system drawn w i t h  forward and backward p a t h s .  
C o n t r o l  is  exerted on t h e  system by a d j u s t i n g  t h e  waste  processor flow. 
Using t h e  waste s t o r a g e  l e v e l  a s  t h e  c o n t r o l  i n p u t  g i v e s  v e r y  l i t t l e  
improvement i n  t h e  s i z e  o f  t h e  domain of a t t r a c t i o n .  S i n c e  t h i s  domain 
represents s t a b i l i t y ,  it is  expected t h a t  feedforward c o n t r o l  would have 
,no i n f l u e n c e  on its s ize .  Hence, making use o f  t h e  waste s t o r a g e  infor- 
mation mimics t h e  t r a d i t i o n a l  behavior of a feedforward path.  The i n e r t  
mass i n  t h e  p l a n t  chambers p rov ides  feedback on t h e  i n n e r  mass l o o p  
which g i v e s  more sys t em s t a b i l i t y .  Feedback on t h e  o u t s i d e  mass loop, 
u s i n g  h a r v e s t s  a s  t h e  c o n t r o l  i n p u t ,  does even more t o  improve t h e  s t a -  
b i l i t y  domain. 
This analogy w i t h  p r o c e s s  c o n t r o l  h e l p s  t o  e x p l a i n  t h e  e f f e c t i v e -  
n e s s  of v a r i o u s  feedback c o n f i g u r a t i o n s .  It is, however, o n l y  a s i n g l e  
i n p u t ,  s i n g l e  o u t p u t  c o n t r o l l e r  i n v e s t i g a t i o n .  More complex c o n t r o l l e r s ,  
such  a s  those t h a t  u se  s t a t e  feedback, would p robab ly  be a b l e  t o  a c h i e v e  
l a r g e r  domains of a t t r a c t i o n  and performance t h a n  these o u t p u t  feedback 
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6. SUMMARY 
I n  t h i s  d i s s e r t a t i o n ,  a technique f o r  a n a l y z i n g  and d e s i g n i n g  con- 
t ro l le rs  for n o n l i n e a r  systems based on measures of t h e  domain of 
a t t rac t ion  has been presented. These methods a r e  p a r t i c u l a r l y  s u i t e d  t o  
i n v e s t i g a t i n g  t h e  dynamic consequences of changes i n  t h e  was te  s t o r a g e  
c a p a c i t y ,  t h e  system mass, and how i n f o r m a t i o n  is used f o r  c o n t r o l  i n  
CELSS models. The models' high-dimensional i ty  and n o n l i n e a r  s t a t e  equa- 
t i o n s  make them d i f f i c u l t  t o  analyze by any other t echn ique .  
The domain is  t h e  region of i n i t i a l  c o n d i t i o n s  t h a t  a s y m p t o t i c a l l y  
approach an a t t r a c t o r .  The a t t r a c t o r  may be an e q u i l i b r i u m  p o i n t ,  a 
l i m i t  c y c l e ,  o r  other higher-dimension a t t r a c t o r s .  A r e f inemen t  o f  t h i s  
r e g i o n  is t h e  domain of performance which is t h e  region o f  i n i t i a l  con- 
d i t i o n s  t h a t  meet a performance c r i t e r i a .  
I n  n o n l i n e a r  systems,  l o c a l  s t a b i l i t y  does not i n s u r e  s t a b i l i t y  
o v e r  a l a r g e r  r eg ion .  The domain of a t t r a c t i o n  marks o u t  t h i s  s t a b i l i t y  
region. I n  t h i s  way, it is a measure of n o n l i n e a r  s y s t e m ' s  a b i l i t y  t o  
r e c o v e r  from random s t a t e  perturbations. I n  l i n e a r  systems,  local s t a -  
b i l i t y  g u a r a n t e e s  g l o b a l  s t a b i l i t y  so t h i s  concept  is not e n l i g h t e n i n g .  
However, t h e  u s e  of a domain of performance as  a g l o b a l  measure i s  use- 
f u l  i n  both l i n e a r  and n o n l i n e a r  systems. 
When c o n s i d e r i n g  random p e r t u r b a t i o n s ,  t h e  minimum r a d i u s  of t h e  
domain is  a measure o f  t h e  magnitude of p e r t u r b a t i o n s  for which r ecove ry  
is guaranteed.  An advantage o f  t h i s  measure is t h a t  it is a v e c t o r  
l e n g t h  and,  t h e r e f o r e ,  is a p p l i c a b l e  t o  systems w i t h  any dimension. The 
r e p r e s e n t a t i o n  of g l o b a l  system performance i n  a s i n g l e  s c a l a r  p e r m i t s  
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e a s y  comparisons of sys tem and controller d e s i g n s .  
The domain of a t t r a c t i o n  or per formance  is d e l i n e a t e d  by randomly 
s e l e c t i n g  i n i t i a l  c o n d i t i o n s  from t h e  r e g i o n  of s t a t e  s p a c e  b e i n g  inves -  
t i g a t e d .  If t h e s e  a r e  from un i fo rm d i s t r i b u t i o n s ,  t h e  number of p o i n t s  
i n  t h e  domain is p r o p o r t i o n a l  t o  i ts  volume. The minimum r a d i u s  of t h e  
domain ' s  boundary is  found by s u b t r a c t i n g  t h e  t y p i c a l  p o i n t  s p a c i n g  d i s -  
t a n c e  from t h e  n e a r e s t  i n i t i a l  c o n d i t i o n  n o t  i n  t h e  domain. In con- 
s t r a i n e d  sys t ems ,  t h e  sample  d i s t r i b u t i o n  c a n n o t  b e  uni form.  The minimum 
r a d i u s  is  now found by s u b t r a c t i n g  t h e  local  p o i n t  s p a c i n g  d i s t a n c e  from 
t h e  n e a r e s t  p o i n t  n o t  i n  t h e  domain. By n u m e r i c a l l y  i n v e r t i n g  t h e  
nonuni formi ty  of t h e  sample  p o i n t s ,  t h e  domain volume c a n  be o b t a i n e d .  
Error d e t e r m i n a t i o n s  for t h e  volume and minimum r a d i u s  a re  found by 
r e p e a t i n g  t h e  domain s i m u l a t i o n s  w i t h  i n d e s e n d e n t  samples .  
The u s e  of t h e  domains of a t t r a c t i o n  and pe r fo rmance  were demon- 
s t ra ted  i n  c o n t r o l l e r  d e s i g n  for  an i n v e r t e d  pendulum. T h i s  g l o b a l  
d e s i g n  t e c h n i q u e  was c o n t r a s t e d  w i t h  more t r a d i t i o n a l ,  l o c a l  d e s i g n  
methods.  Since t h e  problem is n o n l i n e a r ,  t h e  t r a d i t i o n a l  d e s i g n s  o n l y  
i n s u r e d  some s o r t  of  l o c a l  b e h a v i o r .  T h e r e  is  no map between l oca l  
d e s i g n  d e c i s i o n s  and t h e  n o n l i n e a r  s y s t e m ' s  g l o b a l  b e h a v i o r .  Thus ,  it is  
n o t  a p p a r e n t  what pa rame te r  changes  need t o  b e  made t o  improve t h e  g lo-  
b a l  performance.  
When the  domain of a t t r a c t i o n  or per formance  is used  i n  t h e  con- 
t r o l l e r  d e s i g n ,  t h e  g l o b a l  b e h a v i o r  of t h e  sys tem i s  used  a s  t h e  d e s i g n  
c r i t e r i a .  Consider  t h e  c a s e  where a c o n t r o l l e r  form is selected and t h e  
g a i n s  need t o  be s e t .  A c o n t r o l l e r  can  be d e s i g n e d  by randomly s e l e n t i n g  
g a i n s ,  s i m u l a t i n g  t h e  r e s u l t i n g  domainsp  and u s i n g  t h e  minimum r a d i u s  a s  
t h e  selection parameter .  For t h e  i n v e r t e d  pendulum, t h i s  t echn ique  was 
used t o  f i n d  a l i n e a r  s ta te-feedback c o n t r o l l e r  t h a t  was a b l e  t o  recover 
from a l a r g e r  c lass  o f  s t a t e  p e r t u r b a t i o n s  t h a n  those found by l o c a l  
t echn iques .  A n o n l i n e a r  c o n t r o l l e r  was a l s o  designed which had l a r g e r  
domains of a t t rac t ion  and performance t h a n  t h e  l i n e a r  one. 
An advantage t o  t h i s  g l o b a l  design t e c h n i q u e  is  t h a t  t h e  d e s i g n  
p r o c e s s  is  automated once t h e  system model is fo rmula t ed ,  t h e  r e g i o n  o f  
s t a t e  space  t o  be i n v e s t i g a t e d  is  e s t a b l i s h e d ,  and t h e  form o f  t h e  con- 
t r o l l e r  is set .  The domain s i m u l a t i o n s  are made from randomly selected 
i n i t i a l  c m d i t i o n s  ove r  t h e  s t a t e  space. Each domain s i m u l a t i o n  r e s u l t s  
i n  a m i n i m u m  r a d i u s  r e p r e s e n t i n g  the  sys t em ' s  a b i l i t y  t o  r ecove r  from 
random s t a t e  p e r t u r b a t i o n s .  The complexity of t h e  c o n t r o l l e r  has no 
e f fec t  on t h i s  p r o c e s s ,  o t h e r  than t o  i n c r e a s e  t h e  number o f  pa rame te r s  
t h a t  need t o  be s e t  f o r  each domain s i m u l a t i o n .  The s y s t e m  dimension is  
n o t  a problem because t h e  s e l e c t i o n  is made u s i n g  a scaler. 
The domain of a t t rac t ion  was used i n  t h e  CELSS examples not o n l y  t o  
f i n d  good c o n t r o l  g a i n s ,  b u t  a l s o  t o  i n v e s t i g a t e  s y s t e m  behavior  as  a 
f u n c t i o n  o f  system parameters .  It was found t h a t  t h e  three-chamber model 
has o n l y  two e q u i l i b r i u m  p o i n t s  i n  t h e  discrete-time s i m u l a t i o n .  One 
p o i n t  p r o v i d e s  e d i b l e  h a r v e s t s  t h a t  meet t h e  crew's food requ i r emen t s .  
The other has ed ib le  h a r v e s t s  t h a t  a re  always zero. The former, su rv iv -  
i n g  e q u i l i b r i u m  is ca l led  t h e  pas s  e q u i l i b r i u m  p o i n t  and t h e  l a t t e r  one 
i s  ca l l ed  t h e  f a i l  e q u i l i b r i u m .  For sma l l  waste  s t o r a g e  c a p a c i t i e s  t h e  
f a i l  p o i n t  is t h e  o n l y  a t t r a c t o r .  As t h e  waste  s t o r a g e  increases t h i s  
e q u i l i b r i u m  bifurcates in to  p a s s  and f a i l  s t a b l e  p o i n t s .  Then there is a 
r e v e r s e  b i f u r c a t i o n  l e a v i n g  o n l y  t h e  p a s s  e q u i l i b r i u m  point .  
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The s i x -  and twelve-chamber models showed a s i m i l a r  b i f u r c a t i o n ,  
t h e n  r e v e r s e  b i f u r c a t i o n  p a t t e r n .  However, i n  t h e  i n t e r m e d i a t e  r a n g e  of 
t a n k  c a p a c i t y ,  t h e r e  were a l so  s t a b l e ,  h igher -d imens ion  a t t r a c t o r s  
p r e s e n t .  These have bounded t r a j e c t o r i e s  t h a t  are  l i m i t  c y c l e s ,  
a p e r i o d i c  o s c i l l a t i o n s ,  and c h a o t i c  motion. While there were no s u r v i v -  
ab le  o s c i l l a t i n g  t ra jector ies  found for  t h e  six-chamber model, t h e  
twelve-chamber system had s u r v i v a b l e  b e h a v i o r s  t h a t  a r e  c y c l i c a l .  
An i n v e s t i g a t i o n  o f  t h e  e f f e c t i v e n e s s  of u s i n g  d i f f e r e n t  informa- 
t ion  a s  c o n t r o l l e r  i n p u t  showed t h a t  t h e  CELSS can  be viewed i n  a pro- 
cess c o n t r o l  c o n f i g u r a t i o n .  Here, cont ro ls  t h a t  look l i k e  t r a d i t i o n a l  
feedforward c o n t r o l  have no ef fec t  on t h e  sys tem s t a b i l i t y .  Feedback 
c o n t r o l ,  however, improves sys tem s t a b i l i t y .  In t h i s  r e p r e s e n t a t i o n  t h e  
mul t i - loop  form of t h e  CELSS becomes a p p a r e n t .  
To ach ieve  the  minimum mass and s t o r a g e  c a p a c i t y  i n  a CELSS, sys-  
tems w i t h  more f r e q u e n t  h a r v e s t s  are p r e f e r r e d .  Less mass is  t i e d  up i n  
t h e  p l a n t  chambers and t h e  h a r v e s t s  are s m a l l ,  r e q u i r i n g  less s t o r a g e  
c a p a c i t y .  However, these sys t ems  have a l a r g e  number of s t a t e  v a r i a b l e s .  
Real-time c o n t r o l l e r s  may be burdened by t h i s  h igh -d imens iona l i ty .  
S m a l l e r  waste c a p a c i t i e s  may be  used t o  force t h e  sys tem i n t o  a 
c y c l i c a l  mode. While t h i s  is  not u s u a l l y  a c c e p t a b l e  i n  mechanica l  sys- 
tems, it appears  t o  have benefit  i n  a CELSS. The was te  c a p a c i t y  is 
reduced  w h i l e  not r e q u i r i n g  an i n c r e a s e  i n  t h e  food s t o r a g e  c a p a c i t y .  
Also, by wa i t ing  for t h e  low p o i n t  i n  t h e  sys tem flow, r e p a i r s  aild 
main tenance  could be performed wi thou t  d i s t u r b i n g  t h e  system. 
The a b s t r a c t  CELSS models p re sen ted  i n  t h i s  d i s s e r t a t i o n  o n l y  g i v e  
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a h i n t  o f  t h e  complexi ty  o f  dynamic behavior  t h a t  w i l l  be observed i n  a 
rea l  system. Modeling t h e  atmosphere a s  a s e p a r a t e  l o o p  would p robab ly  
create  new system b e h a v i o r s  due  t o  t h e  interact ion of t h e  gaseous and 
s o l i d / l i q u i d  loop.  S t a t e  feedback c o n t r o l l e r s  may be successfully 
des igned  t o  g l o b a l l y  s t a b l i z e  t h e  sys t em about  a v a r i e t y  of o p e r a t i n g  
behav io r s .  
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